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Abstract

The understanding, modeling and control of large-scale multi-agent systems is crucial
in uncountable open problems spanning from mathematics to physics and engineering.
A deeper comprehension of these fascinating dynamical entities can enable the devel-
opment of important steps towards new, more convenient solutions for many real world
applications, from etho/swarm robotics to synthetic biology, and traffic/crowds control.
In this Theses, we focus on how the multi-scale nature of large aggregates of interacting
dynamical units plays an essential role when dealing with cutting-edges control prob-
lems. In particular, we face the problem of how to analytically ensure the fulfillment
of macroscopic objectives regarding the emerging properties of a complex system, by
only using microscopic actuation. Within the general context of density control, we both
consider homogeneous and heterogeneous groups. In the former case, we apply control
actions to all the individuals in the collective, in the latter, control is constrained to be
exertable via a subset of special leader agents. Robustness of the proposed solution is
assessed theoretically, numerically and experimentally. In particular, the experimental
validation is performed through a mixed reality platform we developed for the agile
testing of swarm robotics solutions.
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1 Introduction

1.1 Controlling the collective dynamics of large-scale

multi-agent systems

Many fascinating phenomena observed in nature arise from the interaction of highly in-

terconnected, simple dynamical units. Speci�cally, through local information exchange,

remarkable group behaviors can emerge. These behaviors, intriguingly, cannot be ex-

plained by merely aggregating those of the individuals in the group; rather, they are

generated by the inherent feedback mechanisms implemented through local interactions

[1]. Examples include collective animal behaviors such as �sh schooling [2, 3, 4], bird

�ocking [5, 6], and the division of labor in ants [7, 8, 9]. Other examples involve engi-

neered systems designed to produce useful emergent properties, such as social networks

[10, 11], the Internet of Things [12], and power grids [13]. Collectives exhibiting these

behaviors are typically referred to ascomplexand/ormulti-agentsystems [14].

Understanding and controlling these systems is key to solving numerous challenges

from various perspectives. First, it is essential to manage the behavior of complex systems

that directly impact daily life. For example, smoothing tra�c waves can promote energy

e�ciency and reduce pollution [15]. In human crowds, it is vital to prevent crowd

crushes (sometimes referred to as stampedes) [16]. Equally important is ensuring that

desired collective behaviors emerge in groups of agents collaborating to achieve a task.

Examples of such settings include biological systems (e.g., dogs shepherding sheep) [17],

social systems (e.g., in�uencers guiding public opinion) [18, 19], and swarm robotics

(e.g., search and rescue missions) [20].

This Thesis examines large-scale multi-agent systems and the control of their emer-

gent properties. Speci�cally, we tackle the problem of creating a mathematical, com-

putational, and experimental framework for agile analysis and control design. The

1



1.1. Controlling the collective dynamics of large-scale multi-agent systems

Figure 1.1: Conceptualization of a large-scale multi-agent system, emphasizing their
multi-scale nature.

following sections o�er a brief overview of large-scale complex systems, emphasizing

their multi-scale nature, a critical factor when controlling these systems.

1.1.1 Large-Scale Complex Systems

Complex multi-agent systems consist of interacting dynamical units that, through feed-

back mechanisms from local interactions, exhibit emergent properties [1]. These systems

can be described at di�erent scales, making themmulti-scalesystems1. This Thesis fo-

cuses on two key levels:

ˆ themicroscopicscale, where individual behaviors are described and modeled;

ˆ themacroscopicscale, where collective behavior emerges, often in ways not easily

traced to individual actions.

Consider a school of �sh. At the microscopic scale, we study how individual �sh

in�uence each other's movement, while at the macroscopic scale, the focus shifts to the

behavior of the school as a whole. This transition often involves moving from the study

of individual motions to the spatio-temporal dynamics of the group's density. See Fig.

1.1 for a schematic representation.

1In dynamical systems theory, multi-scale typically refers to systems evolving on di�erent time/spatial
scales (fast and slow). Here, we use the term to highlight the distinct levels of description in complex systems
(microscopic and macroscopic)

2



Chapter 1. Introduction

At the microscopic scale, mathematical formulations typically use ordinary or stochas-

tic di�erential equations (ODEs/SDEs), well suited for describing dynamical systems on

potentially time-varying network topologies [1]. Conversely, the macroscopic scale is

often best described by partial di�erential equations (PDEs), which e�ciently capture

emergent properties that vary across at least two dimensions, such as time and space,

such as time and space. In some contexts, an intermediatemesoscopicscale is de�ned,

but we do not include this additional level in our work2.

When the number of interacting nodes or agents becomes very large, theoretically

in�nite, we refer to the system as alarge-scalecomplex multi-agent system. While a

precise de�nition is absent in the literature, we can say that when emergent properties

no longer depend on group size, we are in a large-scale scenario [22]. In such cases,

microscopic descriptions based on ODEs/SDEs are impractical due to the curse of

dimensionality in agent-based models [23, 24]. Thus, macroscopic descriptions o�er a

more e�cient and compact approach.

1.1.2 Control of complex systems across scales

This thesis focuses on the control of large-scale complex multi-agent systems, including

robot swarms and heterogeneous populations of natural and arti�cial agents, such as

animals and robots. Traditionally, control means taking measurements and applying

actuation to a dynamical system to achieve a desired behavior (see Fig. 1.2a for a

classical control loop).

In classical scenarios, the system to control, measurements, and actuation can be

modeled at the same descriptive scale. When the process or plant to control is a complex

multi-agent system, many critical choices need to be made. Speci�cally, we must

determine: (8) at which scale the desired behavior is best de�ned; (88) at which scale

measurements can be performed; and (888) at which scale actuation can be executed.

Typically, for complex systems, the desired behavior is related to emerging properties

and is thus macroscopic; however, actuation can be performed microscopically, as we are

often constrained to actuate only some of the units comprising the group. Measurements

can also be acquired macroscopically, or, at least, starting from microscopic sensing,

we can estimate macroscopic observables of the system. For a schematic representation

of how the classical feedback control loop can be adjusted in the context of large-scale

complex systems, see Fig. 1.2b. Note that in many real applications, microscopic

2Some literature [14] de�nes the mesoscopic level as the point where clustering behavior begins. Others
[21] describe the mesoscopic scale as capturing the spatio-temporal dynamics of a group's density, while the
macroscopic scale addresses the time dynamics of the density's momenta.

3



1.2. Key research questions

(a)

(b)

Figure 1.2: Control schemes for (a) a classical system (i.e., process, plant), and (b)
a complex (multi-scale) system (red shaded arrows emphasize that each task can be
performed on multiple description's scale).

control actions cannot be applied to all agents in the group. This limitation has led to

the development of various pinning and leader-follower techniques for controlling such

systems at the microscopic level [25].

1.2 Key research questions

This thesis focuses on understanding how to systematically close feedback control loops

across di�erent descriptive scales to e�ectively bridge the gap between the microscopic

agent level and the macroscopic level of emerging behavior. In doing so, we aim to

derive analytical guarantees of convergence toward the desired behavior. Moreover,

we seek agile, resource-e�cient methods for experimentally validating these control

methodologies in large-scale complex systems.

4



Chapter 1. Introduction

1.3 Contributions of the Thesis

In this Thesis, we make contributions on three fundamental aspects in the broad area of

modeling and control of large-scale complex systems.

We provide a general framework for the multi-scale control of complex systems ac-

complishing a macroscopic control goal through microscopic actuation and macroscopic

sensing. We focus on spatial organization tasks and, in so doing, we utilize thecon-

tinui�cation control paradigm [26]. Speci�cally, for a large swarm of mobile agents

moving in domains of arbitrary size, we derive a continuum description of their dynam-

ics in the limit of an in�nite number of agents through mean-�eld theory [27, 28]. This

process outputs a transport-di�usion equation describing the spatio-temporal dynamics

of the group's density. Such a continuum/macroscopic description is used to perform a

macroscopic control design ensuring convergence towards the desired behavior, and, it

is �nally discretized into deployable control inputs to microscopically actuate the agents

in the collective. The robustness of this control pipeline can be analytically assessed in

the continuum.

We expand this continui�cation-based framework to deal with leader-follower sce-

narios. In particular, to cope with the unrealistic assumption of being able to control

every agent in the complex system of interest, we consider the case of actuating only a

subset of the group. In the continuum limit, we are able to provide analytical conditions

guaranteeing that a class of control problems is solvable. Such conditions leverage infor-

mation about the leaders-to-followers ratio, the sensing capabilities of the leaders, and

the stochasticity of the followers.

Finally, we consider the problem of the experimental testing of control methodologies

for large-scale systems and swarm robotics. In particular, for exploiting the multi-scale

nature of large-scale complex systems, many new control methodologies rely on the

assumption of swarms of in�nite agents. It is then understandable that the vast majority

of such new techniques are solely tested in numerical simulations because of the inherent

high cost and resources demand of full-scale experiments. In order to cope with these

costs and still perform experiments, we provide an intermediate hybrid experimental

platform. This set-up provides a mixed reality environment where real robots and virtual

ones interact and cooperate, enabling the possibility of having a swarm of arbitrary size.

5



1.4. Relevance to risk and complexity

1.4 Relevance to risk and complexity

The work presented in this Thesis falls within the �eld of controlling and engineering

complex systems. Speci�cally, it tackles the problem of controlling some dynamical

units (or all of them) in a multi-agent system in order to let a desired macroscopic state

emerge. We propose a systematic control pipeline to address the pressing open problem

of how to close feedback loops across di�erent description scales. We successfully bridge

the gap between the agent/microscopic level, and the emergent/macroscopic one, while

ensuring analytical guarantees of convergence towards desired states.

The mathematical framework we propose is suitable in many applications. For

instance, it can be used for addressing swarm robotics problems, where large ensembles

of mobile robotic agents need to accomplish some desired spatial organization. It can

�nd application in search and rescue operations, where, a small set of controllable agents

is in charge of driving other ones away from danger. Similarly, we can think of tra�c

control problems, where autonomous agents are in charge of smoothing tra�c waves

away, so to reduce the energetic consumption of the collective.

Our work also considers the open challenge of agile experimental testing of control

techniques involving large-scale systems. Drawing inspiration from apparently uncorre-

lated �elds, we propose a mixed reality platform which provides real robots and virtual

ones. In such a context, we are able to create robotics groups of arbitrary size (by

increasing the number of virtual agents), while e�ectively facing the cost of full-scale

experiments.

1.5 Thesis structure and outline

This Thesis is organized as follows. In Chapter 2, we provide the reader with a Literature

review concerning the main topics of the thesis. In Chapter 3 and 4, we collect the

contribution given in [29, 30, 31, 32], regarding the continui�cation control of mobile

agents moving in periodic domains of arbitrary size and its robustness properties. In

Chapter 5, we show the work presented in [33], where we consider a macroscopic leader-

follower scenario, in which, a group of leader agents is in charge of letting a group of

followers agents displace according to a desired density. In Chapter 6, we expand such

a leader-follower scenario for modeling switching leadership in large groups of agents.

Speci�cally, we consider the case where a group of leaders and followers is collectively

solving a spatial organization task, while online exchanging the leadership roles. In

6



Chapter 1. Introduction

Chapter 7, we discuss a mixed reality experimental platform we developed for the agile

testing of control solutions for large-scale problems and swarm robotics. In Chapter 8,

we discuss the conclusions and the direction for the future of this work.

1.6 Mathematical Preliminaries

In this Section we provide some useful notation and lemmas which are used throughout

the thesis.

De�nition 1.1 (Periodic cube). We de�ne
 := »� c– c¼3 as the periodic cube inR3 .

When3 = 1, 
 coincides with the unit circle, and we equivalently refer to it byS; when

3 = 2, 
 is the periodic square. If explicitly stated,
 can also refer to di�erent kind of

spatial domains.

De�nition 1.2 (L ? norms on
 [34]). Given a scalar function of
 and time, � :


 � R� 0 ! R, we de�ne itsL ?-norm on
 as

k� ¹�– Cºk? :=
� ¹



j� ¹x– Cºj? dx

� 1• ?

• (1.1)

For ? = 1 ,

k� ¹�– Cºk1 := ess supS j� ¹x– Cºj• (1.2)

For the sake of brevity, we also denote these norms ask� k? , without explicitly indicating

their space and time dependence.

Lemma 1.1(H¥older's inequality [34]). Given 51– • • • – 5= 2 L ? ¹Sº, we have












=Ö

8=1

58












1

�
=Ö

8=1

k58k?8– if
=Õ

8=1

1
?8

= 1• (1.3)

For instance, if= = 2, we havek51 52k1 � k 51k2k52k2, as well ask51 52k1 � k 51k1k52k1 .

Remark 1.1. The ?-norm k � k? can be also referred to vectors inR3 . In this case, it

needs to be interpreted as

kvk? :=

 
3Õ

8=1

jE8j?
! 1• ?

– (1.4)
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1.6. Mathematical Preliminaries

wherev = »E1– • • • – E3¼.

Lemma 1.2(Minkowsky inequality [34]). Given two! ? functions,5and6, the following

inequality holds:

k5¸ 6k? � k 5k? ¸ k 6k?– (1.5)

for 1 � ? � 1 .

We denote byn = ¹=1– • • • – =3º the3-dimensional multi-index, consisting in the tuple

of dimension3, with =8 2 Z. Thus,n = »=1– • • • – =3¼is the row vector associated withn.

We denote with �� � the convolution operator. When referring to periodic domains

and functions, the operator needs to be interpreted as a circular convolution [35]. We

denote byC? ¹Sº, with ? 2 N� 0, the space of functions that are di�erentiable? times

with a continuous?-th derivative onS. We use, :– ?¹Sº for the Sobolev space of

functions de�ned onS (the weak derivatives up to order: are inL ? ¹Sº). Furthermore,

when? = 2, we use� : ¹Sº := , :–2¹Sº [36]. When referring to the higher-dimensional

case
 with 3 ¡ 1, , :– ?¹
 º denotes the space of functions with the following mixed

partial derivative being well de�ned in a weak sense:

5¹n º =
mknk1 5

mG=1
1 • • • mG=3

3

– (1.6)

for any multi-indexn such thatknk1 � : .

We denote with subscriptsCandGtime and space partial derivatives. We indicate

gradient asr¹�º , divergence asr � ¹�º , curl asr � ¹�º , and Laplacian asr 2¹�º.

Lemma 1.3 (Young's convolution inequality [34]). Given two functions,5 2 ! ? and

6 2 ! @, we have

k5 � 6kA � k 5k? k6k@– if
1
?

¸
1
@

=
1
A

¸ 1– (1.7)

where1 � ?– @– A� 1 .

Lemma 1.4(Poincaré-Wirtinger inequality forS [37]). Assuming1 � ? � 1 , for any

functionD 2 , 1– ?¹Sº with null integral mean (that is,1•2c
¯

S DdG= 0), the following

inequality holds:

kDk?
? � � ¹?º kDGk?

?– (1.8)
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Chapter 1. Introduction

where� ¹?º ¡ 0 is called the Poincaré constant. For? = 2, � = 1 [38, 39].

Remark 1.2. The inequality can be posed for more general bounded connected open

domains
 � R3 with Lipschitz boundary [36, 40]. In this case, for any function

D2 , 1– ? such that
¯

 Ddx = 0, the inequality reads

kDk?
? � � ¹?–
 ºkr Dk?

?– (1.9)

wherer Dis the gradient ofD(notice thatkr Dk?
? =

Í 3
8=1 kDG8k

?
? , with G8 being the8-th

coordinate in
 ).

Remark 1.3. When? = 2, the optimal Poincaré constant for smooth bounded Lipschitz

domains is� = ~3•c, where ~3 is least upper bound of the set of all distances between

pairs of points in
 [38].

Lemma 1.5 (Comparison lemma [41]). Given a scalar non-autonomous ODEEC =

5¹C– Eº, with E¹C0º = E0, where5 is continuous inCand locally Lipschitz inE, if a scalar

functionDful�lls the di�erential inequality

DC � 5¹C– D¹Cºº– D¹C0º � E0– (1.10)

then

D¹Cº � E¹Cº– 8 C� C0• (1.11)

Lemma 1.6. If W, X and  are positive constants with � W, the one-dimensional

nonlinear dynamical system

[ C¹Cº = � W [¹Cº ¸ Xexp¹�  Cº
p

[ ¹Cº– (1.12)

with [ � 0, globally and exponentially converges to 0. The rate of convergence isW.

Proof. Under the change of variable~[ =
p

[ , we have

~[ C¹Cº = �
W
2

~[ ¹Cº ¸
X
2

exp¹�  Cº• (1.13)

Equation (1.13) describes a linear one-dimensional non-autonomous dynamical system.

Hence, its solution is

~[ ¹Cº = ~[ ¹0ºexp
�
�

W
2

C
�

¸
X

W� 2 

�
exp¹�  Cº � exp

�
�

W
2

C
��

• (1.14)
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1.6. Mathematical Preliminaries

The convergence of[ is implied by (1.14). Since � W, the rate of convergence of~[ is

W•2, and that of[ is W. „

Lemma 1.7(Chapter 1.2 of [42]). Given a scalar functionk , and a vector �eldA, the

following identity holds:

r � ¹ k Aº = k r � A ¸ r k � A• (1.15)

Lemma 1.8. For any function� that is periodic onm
 , we have

¹

m

� ¹xº � n̂ dx = 0– (1.16)

wheren̂ is the is the outward pointing unit normal vector at each point on the boundary

(by decomposing the integral on each side of the domain with the appropriate sign).
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2 Background

In this Chapter, we give an overview of the Literature for the topics which are more

relevant and related to the work in this Thesis. Speci�cally, the Chapter is organized

into three parts: the �rst part, consisting of Sections 2.1, 2.2, 2.3 and 2.4, is focused on

describing the existing Literature on macroscopic modeling and control techniques for

complex multi-agent systems (a schematic overview of this part of the Chapter is provided

in Tab. 2.1); the second part (Section 2.5) discusses existing methods for applying

macroscopic techniques to leader-follower scenarios; �nally the third part (Section 2.6)

describes experimental testing set-ups for the validation of control techniques for large-

scale systems and swarm robotics.

2.1 Modeling and control of large-scale multi-agent sys-

tems

A pressing open challenge in control theory is to �nd methods to steer the collective

behavior of large-scale multiagent systems consisting of many dynamical units (or agents)

interacting with a given, and possibly time-varying, network topology. Examples of

this problem include multirobot systems [22, 43, 44], cell populations [45, 46], and

human networks [10, 47]. From a mathematical viewpoint, such systems are typically

described as a set of# stochastic di�erential equations, describing identical, undirectedly

interacting dynamical systems [1], that is

dx8 =
#Õ

9=1

08 9¹Cºf ¹x8–x9º dÇ 18u8¹x1– • • • –x# º dÇ
p

2� dW8– 8= 1– • • • – #–(2.1)

wherex8 2 
 � R= is the=-th dimensional state of agent8, 08 9is the8 9-th element of a

time varying adjacency matrixA (8 9-th entry of such a matrix is either 1 or 0 at timeC�
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2.1. Modeling and control of large-scale multi-agent systems

if agents8and 9are able to communicate at timeCit is 1, 0 otherwise),f : R= ! R= is a

function describing the information that is exchanged between agent8and 9, 18 2 f0–1g

is a �ag which is 1 if agent8 is a�ected by the control inputu8, 0 otherwise,� is a

constant di�usion coe�cient, andW8 is a standard Weiner process inR=.

Modeling and control of large-scale complex multi-agent systems need to account

for their multi-scale nature [14]. As highlighted in Chapter 1 (see Fig. 1.1, and Fig.

1.2), such systems can be described at two scales. At the microscopic level, it is possible

to model the dynamics of each agent of the group, together with local interactions with

the others and, eventually, control inputs. Such a framework, usually exploits large

sets of ODEs or SDEs like (2.1), where, each equation is associated with the state of

an individual in the collective. Then, macroscopically, the group exhibits a collective

emerging behavior, which typically it is di�cult to be linked with the individuals'

capabilities of the agents. For this reason, macroscopic descriptions usually are based on

small sets of PDEs, catching in a more compact way the emerging behavior of interest.

These macroscopic descriptions also cope with the inherent curse of dimensionality of

agent-based models, as they o�er mathematical formulations which are more compact and

amenable for analysis and control design [14]. An interesting drawback of macroscopic

formulations is the so-called,microscopic distraction[48]. This consists in the natural

loss of information about individuals when macroscopic descriptions are adopted. Such

a problem is particularly relevant for scenarios in which control can only be performed

via actuation at the microscopic level.

As a paradigmatic example, we can think of a large swarm of mobile robots, that is

tasked to achieve some macroscopic spatial organization. In analogy with �uid-dynamics

[50], a large set of interacting particles may be macroscopically described in terms of the

spatio-temporal dynamics of the group's density [14]. Although such a model compactly

describes the group's spatial organization, it loses information about individual agents'

positions. This microscopic distraction is a problem to deal with in control applications,

where macroscopic control actions needs to be discretized into control inputs deployable

at the microscopic level. A conceptualization is provided in Fig. 2.1.

A possible way to exploit the nice scalability properties of macroscopic descriptions,

while dealing with the microscopic distraction phenomenon, is represented bycontinui�-

cation(orcontinuation) methods1. Such a control paradigm has been recently introduced

in [26] and it consists in the pipeline in Fig. 2.2; speci�cally, the control design goes

1Although such methodologies were introduced under the name of �continuation� methods, we prefer to
refer to them using �continui�cation�, in order to clearly state the di�erence with the �eld of parametric
continuation and bifurcation theory.
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Chapter 2. Background

Figure 2.1: Microscopic vs macroscopic description for a swarm of kilobots [49] keeping
a regular formation in the bottom-left corner of some domain: the passage from micro to
macro allows not to account for the state of each kilobot (left box), in favour of a group
description focusing on their density (right box); the passage from micro to macro is
not easily reversible because of the lost information on the individuals' robot behavior
(microscopic distraction).

through the following steps:

ˆ continui�cation: derive a macroscopic description of the emerging behavior to

control in the form of a small set of PDEs, starting from an agent-based description

in the form of a set of ODEs or SDEs;

ˆ macroscopic control design: use the macroscopic description of the emerging

behavior to control to develop a macroscopic control action with guarantees of

convergence;

ˆ discretization: link the macroscopic control action with the microscopic control

inputs for controllable units of the complex system.

The continui�cation paradigm o�ers a natural framework to design control across

di�erent description scales. In particular, the macroscopic description is derived starting

from its microscopic counterpart, and it is used to design a macroscopic control action.

The macroscopic scale gives a naturally scalable environment as it is independent from

the number of agents involved, and looks at the group as a single entity. Such formu-

lations can be utilized to derive analytical guarantees of convergence for the control

strategies, because they are more amenable to analyze with respect to their microscopic
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2.1. Modeling and control of large-scale multi-agent systems

Figure 2.2: Continui�cation control pipeline: starting from an agent-based description,
through continui�cation, a PDEs model of the emerging behavior to control is derived;
such a model is used to develop a control strategy, that is then discretized onto the micro-
scopic dynamics of the agents; control requirements may enter both at the microscopic
and macroscopic scale.

counterparts. Macroscopic control strategies are then discretized into microscopic con-

trol inputs with ad-hoc methods to deal with the microscopic distraction phenomenon.

The continui�cation paradigm has been recently used for the synchronization control of

spin-torque oscillators [51] and for the stabilization of chains of coupled semiconductor

lasers [52].

In this Chapter, we categorize the Literature for the modeling and control of complex

systems using the continui�cation paradigm. In particular, we �rst present techniques for

linking microscopic descriptions of complex systems with the macroscopic description

of their emerging behaviors. Then, we go through the �eld of PDEs control, regarding the

macroscopic control design. Finally, we consider some techniques for the discretization

of macroscopic control inputs. A schematic overview of the Literature that is considered

in this Chapter is provided in Tab. 2.1. We want to remark that, as highlighted in Tab.

2.1, in this Thesis, we refer to continui�cation control when dealing with approaches

involving all the three steps schematized in Fig. 2.2. When referring to techniques to

perform the micro to macro step, we will as well use the term continui�cation.
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Chapter 2. Background

2.2 Continui�cation techniques

In this Section, we discuss the Literature on continui�cation techniques, consisting

of methodologies for deriving macroscopic descriptions of emerging behaviors from

microscopic agent-based models.

2.2.1 Mean-�eld approaches

The microscopic description of a set of# undirectedly interacting dynamical systems is

typically in the form of (2.1). Assuming agents to be connected through a time-invariant

all-to-all topology (08 9 = 1, 8 8 < 9), 18 = 1 for each8 = 1– • • • – #(all the agents are

controllable), and under suitable conditions onf (odd-symmetric and soft-core � see

[53] for more details), it is possible to derive a macroscopic description of the group

using mean-�eld theory [27, 28]. As in [53, 54], assuming# ! 1 , we can recast the

microscopic dynamics into the transport-di�usion equation2 for the density distribution

of the state of the systemd : 
 � R= � R� 0 ! R� 0,

dC¹x– Cº ¸ r � »d¹x– Cº ¹V¹x– Cº ¸ U¹x– Cºº¼= � r 2d¹x– Cº– (2.2)

where

V¹x– Cº =
¹



f ¹x � yºd¹y– Cº dy = ¹f � dº¹x– Hº (2.3)

is the macroscopic counterpart of the vector �eld describing agents' all-to-all interactions,

andU is a macroscopic control action, accounting foru8 in the continuum. Equation

(2.2) needs to be complemented with initial conditions, and boundary conditions so as

to guarantee some mass conservation principle, that is

� ¹



d¹x– Cº dx

�

C
= 0– (2.4)

is satis�ed. Although agents are assumed to interact through an all-to-all topology,

usually, the functionf is chosen such that it decays withjx � yj. For a group of swarming

agents/robots, this means that interactions decays with the distance between them, hence

approximating proximity interactions.
2Following [55], this PDE goes under the name of McKean-Vlasov equation; if the underlying microscopic

agents are non-interacting and deterministic (� = 0), such a PDE takes the name of Liouville equation [56];
when agents are non-interacting and stochastic, the PDE is referred as Fokker-Plank equation.

3As pointed out in Sec. 2.4 PdEs recast a set of ODEs, hence a discretization step is not explicitly needed.
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2.2. Continui�cation techniques

Literature overview on macroscopic modeling and control

C
ontinui�cation

control

Continui�cation

Mean-�eld theory
[53, 54, 57, 58]
[59, 60, 61, 62]

[63, 64, 65]

Graphons theory
[66, 67, 68]

[69, 70]
techniques Finite Di�erences approximations [26, 51, 52]

PdEs [71, 72, 73]
Data-driven methods [74, 75, 76, 77]

Macroscopic control

Boundary
[48, 52, 78, 79]

[80, 81]
In domain:

Mean-�eld optimal control
[61, 82, 83, 84]
[60, 85, 86, 87]

Moving bottlenecks [88, 89]
design Ensemble control [56, 90, 91, 92]

Optimal transport [93, 93, 94]
Graphons control [67, 95, 96, 97]

PdEs control [71, 72, 73]
Discretization Finite di�erence discretization [26, 51, 52]

techniques PdEs discretization3 [71, 72, 73]

Table 2.1: Overview of the Literature about macroscopic modeling and control that is
considered in this Thesis. Notice that many techniques do not follow all the three steps
of the continui�cation control pipeline (continui�cation, macroscopic control design and
discretization).

This continui�cation technique is often utilized in the Literature, especially in those

problems regarding agents performing spatial organization tasks, e.g. [57, 58, 59, 60,

61, 62]. For instance, in the context of locust swarming, such continuum models have

been successfully used to derive analytical steady-state solutions for various kinds of

interaction functionsf [53, 63, 64, 65]. More recently, such mean-�eld approximations

have been used to derive open-loop control protocols for large groups of swarming agents,

inspired by the ants' collective behavior [98].

To summarize, mean-�eld approaches represents a viable option for performing the

continui�cation of large-scale complex systems, as, in the limit of an in�nite number

of agents, they allow to recover tractable mass conservation laws as (2.2). The main

drawback of such technique is related to the (sometimes) limiting assumption about

having an all-to-all topology describing the scheme of interactions among the agents.

However, depending on the context, such an assumption is mitigated by choosing kernels
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Chapter 2. Background

Figure 2.3: Graphical interpretation of a graphon: on the left a bipartite half graph, in
the middle its representation through a pixel plot, on the right its associated graphon (this
�gure is reproduced from [66]).

of interaction decaying with the distance. For instance, in this Thesis, we adopt mean-�eld

techniques for deriving macroscopic descriptions that are then used for control design.

This represents a reasonable choice because it well approximates agents interacting

through a proximity network, that is a common assumption when dealing with swarming

agents performing spatial organization tasks, as those we deal with here.

2.2.2 Graphons theory

Another continui�cation technique, which has its foundations in mean-�eld theory, is

the so-called graphon theory [99, 100]. In particular, within this context, it is possible

to derive macroscopic descriptions similar to (2.2), for agents interacting on network

topologies which are more complex than all-to-all ones. Speci�cally, a graphon is the

limiting object of a dense graph when the number of nodes goes to in�nity (preserving the

topology). In particular, the nodes' space is mapped to»0–1¼so that a weighted adjacency

matrix can be represented as a symmetric measurable function, : »0–1¼2 ! » 0–1¼(see

Fig. 2.3 for a graphical interpretation). Notice that the existence of a graphon is not

independent from the graph topology, thus the existence of a graphon, is not ensured

for any arbitrary network of in�nite nodes4.

If the topology in (2.1) is such that it can be expressed through a graphon, a macro-

scopic description for the system can be derived in the same form as (2.2). The only

di�erence is that, the graphon, a�ects the de�nition of (2.3), that is, for the one-

4The existence of a graphon is proved, for instance, for Erodos-Renyi random topologies and complete
bipartite graphs (half graphs)
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2.2. Continui�cation techniques

dimensional case,

+ ¹G– Cº =
¹ 1

0

¹



, ¹G– Iº 5¹G� Hºd¹H– Cº dHdI• (2.5)

For linear systems on graphons, the dynamics consistently simpli�es (we refer the reader

to [66, 67] for more details).

Macroscopic graphons-based descriptions of dynamical systems have been used to

study synchronization of power networks in [68]. Speci�cally, after modeling nodes in

the power network as Kuramoto oscillators [69] on speci�c topologies, their macroscopic

description is derived. Moreover, graphons have been used to perform sensitivity analysis

of epidemics models [70], and model opinion dynamics [101]. The concept of graphons

has been recently extended to the more general idea of graphops [102, 103], which look

at graphs as operators.

Graphons represent a natural and elegant extension of mean-�eld approaches to

account for topological e�ects. However, only a small subset of topologies can be

accounted in such descriptions.

2.2.3 Finite di�erence approximations

Another possibility to perform the continui�cation of dynamical systems is the one

proposed in [26], and applied in [51, 52]. Therein, the key idea is to look at sets of

coupled linear dynamical systems as the discretization, through �nite di�erences, of

some PDE. As a motivating example, we consider an in�nite set of one-dimensional

agents with stated8 2 R displaced on the real line at a constant distance� G. Their

dynamics is set as

¤d8 =
1

� G
¹d8̧ 1 � d8º • (2.6)

Notice that each agent is interacting with the one ahead of it. Equation (2.6) can be

viewed as the discretization using forward �nite di�erences of the transport PDE

dC¹G– Cº = dG¹G– Cº• (2.7)

This mechanism can be generalized to linear dynamical systems interacting on

spatially-invariant network topologies. In such a set-up, and with additional assumptions,

it can be proved that the continui�ed PDE converges, in spectrum, to the underlying sys-

tem of ODEs (see Theorem 2 in [26]). Many useful heuristic extensions were proposed
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in [26] to deal with nonlinear systems interacting on more general network topologies.

However, the micro-to-macro convergence is ensured only in the simple scenarios of

linear agents interacting on spatially-invariant network topologies.

2.2.4 Partial di�erence equations (PdEs)

In a similar vein to the technique in Sec. 2.2.3, the framework of partial di�erence

equations (PdEs) is introduced in [71, 72, 73], extending the results of [104]. In this

�eld, sets of ODEs can be recast into PdEs, which represents an intermediate level of

abstraction between ODEs and PDEs. Within this context, a class of complex multi-

agents systems (linear, with an arbitrary topology, and with di�usive coupling) is analyzed

and controlled with linear and non-linear techniques so as to achieve spatial organization.

As a paradigmatic example, systems in the form of (2.1) (�xing a time invariant

topology 08 9¹Cº = 08 9, an homogeneous control action18 = 1, � = 0, and di�usive

couplingf ¹x8–x9º = x9 � x8) are recast as the PdE

¤x¹8– Cº = � x¹8– Cº ¸ u¹8– Cº– (2.8)

where82 f1– • • • #g, x¹8– Cº = x8¹Cº, u¹8– Cº = u8¹Cº, and

� f ¹xº =
#Õ

9=1

08 9
�
f ¹x9º � f ¹x8º

�

is the Laplacian operator for PdEs.

It can be noticed that the paradigmatic PdE in (2.8) recasts a set of ODEs in a compact

form which mimics that of a PDE on a graph topology. What makes this framework

useful is that, by means of functional analysis, many mathematical tools for PDEs can be

generalized to PdEs, thereby enabling their rigourous and analytical study and intuitive

physics-based conjecturing about the underlying microscopic formation (see [71, 72] for

more details).

This mathematical set-up allows to perform the analysis and control of complex multi-

agent systems within a continuum framework that can preserve topological information

about the agents. However, assumptions about the linearity of the agents and the nature

of their coupling limits its applicability in context di�erent from that of the control of

unmanned autonomous vehicles.
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2.2.5 Data-driven methods

A consistent amount of Literature is devoted to data-driven continui�cation methods, also

referred as PDEsdiscovery. In particular, starting from real or synthetic data, the aim

is to recover macroscopic models of emerging behaviors of complex systems. In [74], a

deep-learning method, namely PDE-READ, is developed to discover PDEs. The tool is

based on two neural networks. The �rst one is in charge of learning the system's response,

while the second one needs to extract the PDEs macroscopic formulation, which is then

re�ned into a �human-readable� model via a parameter-free sparse regression. This

technique proved to be successful on a number of benchmark problems. Similarly, sparse

regression can be used to perform data-driven PDEs learning [75].

Manifold learning can also be used to understand which are the more relevant co-

ordinates of data, so to more e�ectively perform PDEs learning via neural networks

[105].

Currently, these data-driven methodologies have not been used in control applications

other than that performing bifurcation analysis with respect to parameters variations

[76, 77]. This is because the resulting macroscopic models cannot account for the

presence of terms to be �xed with a real-time feedback fashion.

2.3 Macroscopic control design

Once a macroscopic description of a large-scale complex system is derived in the form of

a small set of PDEs, it has to be controlled using methodologies developed in the context

of PDEs' control [106]. Following the taxonomy in [106], the behavior of phenomena

that are described by in�nite-dimensional systems can be managed with two possible

strategies

ˆ in domain control, where actuation and sensing penetrate inside the domain of the

PDE system,

ˆ boundary control, where sensing and actuation can be performed only through

the boundary conditions of the PDE.

Notice that boundary control is physically more realistic for phenomena that are intrinsi-

cally described by PDEs. For instance, in the framework of �uid dynamics, control and

measurements are typically performed through the vessel walls. On the other hand, for

PDEs that are derived as macroscopic descriptions of large-scale complex systems, it is
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reasonable to think about performing in domain control, as measurements and actuation

will be �nally realized through agents moving in the PDE's domain.

A general procedure for boundary control of linear PDEs in one-dimension is pre-

sented in [106]. It is based onbackstepping, a framework which improves and gener-

alizes that of feedback linearization [107]. The idea of PDEs backstepping consists of

the following steps: (8) identify undesirable terms in the PDE (that are those produc-

ing instabilities), (88) choose a target system where undesirable terms are eliminated by

state transformations and feedback, (888) �nd the state transformation in the form of a

Volterra operator (which naturally satis�es linear PDEs), (8E) design the boundary feed-

back to eliminate instabilities (the state transformation brings the undesirable terms on

the boundary so that they can be managed with boundary control). For instance, we can

consider the unstable reaction-di�usion equation in»0–1¼given by:

DC¹G– Cº = DGG¹G– Cº ¸ _D¹G– Cº

D¹0– Cº = 0

D¹1– Cº = * ¹Cº

(2.9)

where_ is an arbitrary constant and* ¹Cº is the control input. The source of instability

is _D¹G– Cº, and the idea of backstepping is to use the coordinate transformation

F ¹G– Cº = D¹G– Cº �
¹ G

0
: ¹G– HºD¹H– Cº3H (2.10)

and the boundary control

* ¹Cº =
¹ 1

0
: ¹1– HºD¹H– Cº3H (2.11)

to transform (2.9) into the target system

FC¹G– Cº = F GG¹G– Cº

F ¹0– Cº = 0

F ¹1– Cº = 0

(2.12)

which is exponentially stable. The goal is then to �nd the �right" kernel: ¹G– Hº verifying

(2.10) and (2.11) while satisfying a linear and easily solvable PDE (see [106] for further

details).

Boundary control has been successfully used in the context of continui�cation control
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(micro-to-macro, macroscopic control design, and the macro-to-micro). For instance,

in [52] the problem of stabilizing a chain of coupled semiconductor lasers is assessed,

while in [48, 80, 81] formation control problems are considered (both in leader-less

and leader-follower scenarios). Moreover, boundary control can be developed through

reinforcement learning techniques, among the open source platformcontrolgym[78, 79].

Among in-domain strategies, mean-�eld optimal control recently gained a lot of

momentum [82]. Within this framework, large sets of agents moving in some domain

are considered and, transport-di�usion equations5 are derived through mean-�eld theory

(see Sec. 2.2.1). Then optimization problems can be formulated so as to look for

optimal macroscopic control actions regarding some desired task to solve. Usually, the

convergence of the microscopic optimization problem into the macroscopic one, and the

existence of solutions of such optimal control problems can be proved, but nothing can

be said about their functional form (it cannot be granted that the solution is in a feedback

form, for example). Sometimes such optimal strategies are practically approximated by

sub-optimal ones using model predictive control methods [83, 84].

Such a framework has been extended to enhance sparsity in the control action [61],

explicitly accounting for additive noise in the agents dynamics [60], and assuming control

can be exerted only through some microscopic agents [85]. Moreover, mean-�eld optimal

control has been successfully used to tame crowd dynamics [86] and tra�c control

problems [87], although not explicitly accounting for any discretization procedure for the

macroscopic control actions.

Similar optimal control problems arise in the context ofensemble control[56, 90,

91, 92]. Therein, PDE models are developed and controlled not to tame the curse

of dimensionality of large-scale systems, but to model class of systems sharing the

same structure but di�erent parameters' values. Moreover, analogous set-ups appear

in optimal transport of deterministic and stochastic agents [93, 94]. In this context,

the optimal controlled velocity �eld is analytically recovered, and it can be granted to

be in feedback form [93] (although in the case of non-interacting microscopic agents).

Such a macroscopic control action is indeed a function of the co-state equation for a

PDEs-constrained optimal control problem, which has not yet been solved in closed

form.

Within the �eld of tra�c control, mean-�eld macroscopic descriptions have been

extended to account formoving bottlenecks[88, 89]. Therein, autonomous vehicles

moving in the continuum tra�c �ow exert control actions as mobile constraints limiting

the admissible tra�c �ow in speci�c regions.

5Di�usion is considered when noise a�ects the microscopic dynamics of the agents
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Still in the context of mean-�eld approximations of the microscopic dynamics of

large-scale complex systems performing a spatial organization task, in [98], a set of

continuous obstacles is displaced in the domain of interest so to achieve a desired

con�guration. Therein, the stability of the proposed solution is not assessed.

When mean-�eld descriptions are improved with graphons to account for topological

structures di�erent from all-to-all ones, some speci�c control frameworks have been

developed [67, 95, 96, 97]. In particular, assuming the microscopic agents' dynamics to

be linear, traditional control strategies as linear quadratic (Gaussian) regulators can be

designed and applied.

When partial di�erence equations (PdEs) are used to perform the continui�cation

step, they can be combined with automatic control (both linear and nonlinear techniques)

to perform spatial organization tasks [71, 72, 73, 108]. Speci�cally, in that framework,

techniques such as Laplacian control and virtual forces are used to accomplish alignment,

containment, and formation control problems.

The �eld of macroscopic control design falls within that of PDEs' control. For

historical and technological reasons, the largest part of the Literature about control

methodologies for PDEs involves the design of boundary control protocols. In-domain

techniques, instead, became popular more recently, when the idea of macroscopic model-

ing and control of complex systems spread out. The main limitation of existing in-domain

techniques is that they are developed without explicitly accounting for applicability con-

straints. For instance, in the mean-�eld optimal control community, the existence of

optimal solution is usually assessed, but the problem of how to encode them in a discrete

swarm of agents is not considered. We also remark that, in the Literature, optimal control

problems constrained by mean-�eld dynamics gained a lot of momentum, but, indeed,

less space has been given to other approaches, like the one which is considered in this

Thesis (see Chapter 3) in the context of a continui�cation control pipeline (where control

is developed with the idea of discretizing it into deployable control inputs).

2.4 Discretization

According to the continui�cation control scheme (see Fig. 2.2), once a macroscopic

control action is found, with, for instance, one of the techniques discussed in Sec. 2.3,

and ensures convergence, it needs to be discretized so as to compute deployable control

inputs for the controllable agents in some large collective.

The vast majority of the Literature about continui�cation and macroscopic control

design does not explicitly take into account the discretization step. However, it is
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fundamental to overcome the microscopic distraction phenomenon (see Fig. 2.1) and

e�ectively close a feedback loop across the microscopic and macroscopic scale.

In [26, 51, 52], where agents are assumed to interact on lattice spatially-invariant

topologies (see Sec. 2.2.3), the macroscopic control action is synthesized in the form of

a di�erential operator of the system's state. Within this context, the continuum control

action can be discretized with an arbitrary scheme of �nite di�erences (depending on

the speci�c spatially-invariant topology). For example, let us consider a large group

of single integrators equally displaced on the unit circleS, each of them displaced at

constant distance� Gat some �xed positionG8 2 S with stated8 2 R. Their macroscopic

description can be derived using the technique described in Sec. 2.2.3 as

dC¹G– Cº = D¹G– Cº– (2.13)

whered is the macroscopic state andDthe macroscopic control action (to cope with the

periodic domain, boundary conditions are set so to maked periodic). If we consider the

consensus problem of driving the agents' state to the same constant value, say� , it is

easy to notice that, choosing the feedback action

D¹G– Cº = dGG¹G– Cº– (2.14)

solves the problem (the error system4 = � � d takes the form of the heat equation

4C = � 4GGwhich globally asymptotically converges to 06). The macroscopic control

action (2.14) can be discretized with a central �nite di�erence scheme, that is

D8¹Cº =
d8̧ 1¹Cº � 2d8¹Cº ¸ d8� 1¹Cº

� G
– (2.15)

whered8¹Cº = d¹G8– Cº. This leads to choosing the control action for the8-th agent as

a function of its state and that of its neighbors7. Di�erent �nite di�erences schemes

can be chosen to adapt to di�erent (spatially invariant) networks topologies. For large

systems lying on non-spatially invariant networks (such as mobile robotic agents), the

same procedure can be adapted (see Section VI of [26] for a practical example).

We remark that control techniques that are developed in the context of PdEs [71, 72,

6Substituting (2.14) in (2.13), we get the heat equationdC = dGGwith periodic boundary conditions. At
steady-state,d must be constant for periodicity reasons, and global stability can be proved �xing the Lyapunov
functional+ = k4k2

2 (see for instance [106]). It can be also proven that the consensus value� is the integral
mean of the initial condition.

7Such a control action matches the microscopic counterpart of the problem, where, consensus for a group
of single integrators can be achieved by di�usive coupling with the neighbors.
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73] do not need to be explicitly discretized as they resemble the underlying microscopic

dynamics by construction (see Sec. 2.2.4).

In this Thesis we always derive macroscopic descriptions of large-scale complex

multi-agent systems by using mean-�eld arguments. This results in macroscopic models

in spatial coordinates which can be resembled as (2.2), where control is exerted through

the �eld U. The discretization of such a control action will be perceived with an

alternative procedure with respect to the ones shown in this Section. This consists in a

spatial sampling ofU at the spatio-temporal locations where controllable agents are. This

methodology is also used in [98] for testing the proposed control solution in a discrete

framework.

2.5 Leader-follower control solutions

Orchestrating the collective spatial organization of multi-agent systems is crucial in �elds

such as tra�c control [109], collective additive manufacturing [110], synthetic biology

[111], swarm robotics [112], and environmental management [113]. Leader-follower

control strategies, where leader agents steer the behavior of a group of follower agents, are

widely applied in these areas and other control applications [10, 11, 114, 115, 116, 117].

For example, the use of controlled autonomous vehicles has been proposed to improve

tra�c �ows, avoiding stop-and-go waves and reducing emissions [15, 89]. In swarm

robotics and synthetic biology, leader-follower dynamics can facilitate the management

and regulation of large groups and cellular consortia [118, 119, 120, 121].

A key challenge is establishing analytical guarantees for achieving desired collective

tasks. For instance, in the shepherding control problem, it is crucial to determine

the optimal leader-to-follower ratios and sensing ranges to e�ectively manage group

dynamics and corral and contain the followers towards desired regions in the state

space [17, 122, 123, 124]. In complex multi-agent scenarios, microscopic models using

ordinary (stochastic) di�erential equations are often replaced by macroscopic models

using partial di�erential equations to simplify analysis and enhance control of spatial

organization on a large scale, avoiding its inherent curse of dimensionality [29, 30, 31,

48, 51, 52, 57, 58, 67, 98, 125, 126, 127].

Within the domain of mean-�eld optimal control, signi�cant advances have been

made in addressing the well-posedness of macroscopic leader-follower formulations. In

particular, the in�uence of a relatively small set of microscopic agents on an in�nite

population of followers is considered in [128] and [60], for deterministic and stochastic

followers, respectively. This results in a coupled system composed of ordinary (or
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stochastic) and partial di�erential equations. In [129] and [130], the group dynamics is

modeled via two coupled continuum equations for the densities of the two populations,

for stochastic and deterministic followers, respectively. The existence of an optimal

strategy is con�rmed therein; however, explicit optimal solutions are not derived, nor

it is studied if these solutions are implementable through feedback control � a gap our

research aims to address.

The challenge of con�guring followers into prede�ned structures, while varying the

information available to leaders, is discussed in previous works such as [131, 132, 133].

In these scenarios, the followers' dynamics are typically represented by a heat equation,

which macroscopically models a consensus protocol [71, 72]. The boundary conditions

of this equation are controlled by leader agents. This setup examines the impact of

di�erent levels of leader information on the e�ectiveness in directing follower groups

into desired formations.

The literature also highlights substantial contributions concerning networks of dis-

tributed parameter systems, often modeled by wave equations, as extensively discussed

in [134, 135], and related references. These studies develop strategies aimed at steering

these systems towards a consensus state.

In Chapter 5 and 6 of this Thesis, we present a macroscopic continuum model for

leader-follower spatial organization tasks. In such a context, we are able to recover

necessary and su�cient conditions regarding, for instance, the leaders-to-followers ratio

making the problem solvable, and we recover control actions in closed form ensuring

global (or local) guarantees of convergence.

2.6 Experimental validation of control solutions for large-

scale multi-agent systems

Several new techniques for the analysis and control of large-scale multi-agent systems

rely on the assumption that the interacting dynamical systems of the ensemble (agents)

are numerous enough to be described in a continuuum framework [26, 29, 30, 66, 67].

Recasting complex multi-agent systems into continuum formulations o�ers new op-

portunities for the analysis and design of novel control approaches to tame collective

dynamics. A pressing open challenge is to �nd agile methods to inform and experimen-

tally validate the synthesis of control algorithms developed in a continuum framework

[136], avoiding the inherent intense cost and hurdle of full-scale experiments with large-

scale systems.
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Full-scale experimental validation of control strategies for the control of large-scale

multi-agent systems have been recently carried out [43, 137, 138, 139, 140]. For instance,

in the seminal work [43], a swarm of over 1000 kilobots [49], has been behaviorally

programmed to displace according to desired spatial con�gurations. Also, in [140],

the same experimental set-up leveraging kilobots has been used to solve the task of

collectively transporting complex objects. However, the majority of the existing control

solutions have been tested only using computer simulations due to practical limitations.

In the apparently disjoint �eld of disability studies, researchers developed virtual

reality environments to create digital twins of patients, and systematically test new

techniques to assist them. Speci�cally in [141, 142], new assistive technologies for

visually impaired persons were developed and tested on a sample of healthy subjects

equipped with di�erent kinds of virtual visual impairment. Similarly, in the �eld of

animal behavior research [143, 144, 145, 146], virtual replicas or robots mimicking

animals have been used to enhance the understanding of their behavior.

Bringing insights from these �elds, it is possible to use virtual reality to perform

experiments with robots. Interesting mixed reality settings have been presented in [147,

148, 149], where, real robots interact with simulated replicas in a shared environment.

With a similar fashion, in the �eld of swarm robotics, augmented reality has been used

to provide simple testbed agents, like kilobots, with augmented sensing capabilities

[150, 151], in order to let them solve more complex tasks.

All these experimental set-ups leveraging virtual reality are not explicitly developed

to reduce the intense cost of full, large-scale experiments. Hence, a current gap in

the literature is to develop an experimental platform for avoiding the bottleneck of

extreme time cost and resources of experiments of large-scale systems. Such a platform

should be (8) �exible with respect to the kinematic/dynamical model of the virtual robots

to integrate, and not be constrained to speci�c commercial robots, and (88) easy to

implement using existing open-source facilities, like the Robotarium at GeorgiaTech

[152]. In Chapter 7 of this Thesis, we present a mixed reality platform tackling these

open problems, providing also a hybrid experimental validation of the methodologies

developed in Chapter 3 and 5.
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2.7 Discussion

In this Chapter, we reviewed the relevant Literature regarding the broad area of modeling

and control of large-scale complex systems. Speci�cally, we used the continui�cation

control paradigm (see Fig. 2.2) to categorize solutions for multi-scale control problems.

In particular, we divided the Literature using the three fundamental steps of continui�ca-

tion control [26], namely (8) continui�cation, i.e. the passage from the microscopic to the

macroscopic scale, (88) macroscopic control design, that is the design of control actions

for PDEs describing large-scale complex systems in the continuum, and (888) discretiza-

tion, that consist in methodologies overcoming the microscopic distraction phenomenon,

linking macroscopic control actions to microscopic, deployable control inputs.

We wish to highlight that continui�cation through mean-�eld provides a more general

approach to perform the micro-to-macro step in spatial organization tasks. In particular,

it ensures micro-to-macro convergence in the limit of an in�nite number of agents, and

although formally assuming microscopic all-to-all interactions, it can naturally approxi-

mate proximity nonlinear topologies via choosing interaction functions whose intensity

decays with the distance (see for example, the Morse or Lennard-Jones potentials). In

such a context, a lot of interest has been given to mean-�eld optimal control, although

not explicitly accounting for the discretization step. Less e�ort has been made for devel-

oping macroscopic control solutions which are not based on the solution of optimization

problems. For these reasons, in this Thesis, we focus on mean-�eld continui�cation to

derive macroscopic descriptions, which we then use to derive control solutions that are

not in the context of optimal control.

We further point out that the vast majority of the Literature (except for [26] and

related works, and methods involving PdEs [71, 72]) does not explicitly account for the

macro-to-micro step, hence not providing discretization tools for macroscopic control

actions. This signi�cantly limits the applicability of existing solutions in real-world

applications. In this Thesis, we propose a simple novel discretization method based on

spatial sampling.

We also carried out a Literature review on large-scale leader-follower solutions,

accounting for scenarios in which control can only be exerted on a subset of agents in the

complex system. In such a framework, Literature lacks analytical conditions to guide the

control design process, for instance, what the right leaders-to-followers ratio could be,

or what leaders' minimal sensing/actuation capabilities are required to achieve control.

Finally, we discussed related work on the experimental testing of control solutions

for large-scale systems. Within this context, we highlighted the emerging and promising
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�eld of virtual/mixed reality to create hybrid experimental platforms. Within the context

of swarm robotics problems, such platforms can leverage real robots and virtual ones, to

deal with the increasing resources demand and cost of full-scale experiments.

In the next Chapter we introduce our continui�cation control framework. Such a

mathematical set-up is developed in the context of a density control task for a large group

of nonlinear agents. In order to tackle this problem, we derive a continuum description of

the system dynamics in terms of a PDE, which we then use to perform our macroscopic

control design. Such a continuum action can be proven to ensure convergence towards

the desired behavior. This action is ultimately discretized following the paradigm that is

depicted in Fig. 2.2.
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3 Continui�cation Control of

Large-Scale Multi-Agent Sys-

tems

In this Chapter, we discuss the continui�cation based control framework we developed

in [29, 31]. Speci�cally, we propose a method to tackle multi-scale control problems

involving large-scale multi-agent systems swarming in a periodic domains of arbitrary

size. In particular, we use a continui�cation-based approach (see Fig. 2.2 for a schematic)

that transforms the microscopic, agent-level description of the system dynamics into a

macroscopic, continuum-level representation, which we employ to synthesize a control

action towards a desired distribution of the agents. The continuum-level control action

is then discretized at the agent-level in order to practically implement it. To con�rm

the e�ectiveness of the proposed approach, we complement theoretical derivations with

numerical simulations.

3.1 Introduction

A pressing open challenge in control theory is to �nd methods to steer the collective

behavior of large-scale multiagent systems consisting of many dynamical units (or agents)

interacting with a given, and possibly time-varying, network topology. Examples of

this problem include multirobot systems [22, 43, 44], cell populations, [45, 46], and

human networks [10, 47]. Typically, in these applications, the goal is to control some

macroscopic observables of the emerging collective behavior. However, control needs

to be practically exerted at the microscopic, individual agent-level. Developing methods

that translate macroscopic-level control goals into microscopic-level control actions is a
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critical challenge [153].

In Statistical Physics [27, 28], mean-�eld approaches are often used to describe

large-scale systems. Through a mean-�eld approximation, one can obtain a macroscopic

description of the emergent behavior of the system in terms of appropriate distributed

parameter models, derived from the microscopic ODEs models describing the agents'

dynamics. Such mean-�eld approaches have been used to control the collective behavior

of multiagent systems [86, 154, 155, 156]. Also, in Applied Mathematics, problems

related to the control of crowds, herding, and �ocking agents were solved by �nding

a mean-�eld description of the agents of interest [60, 86]. Macroscopic descriptions

were also used in some multiagent reinforcement learning scenarios [157, 158]. Other

methodologies recently proposed in the literature are based on the use ofgraphons[95]

and data and manifold learning [159, 160]. For a more detailed discussion about methods

for lifting complex systems from microscopic to macroscopic descriptions, we refer the

reader to Section 2.2 of this Thesis.

Inspired by the paradigm proposed in [26], here we adopt acontinui�cationapproach

in which a macroscopic model, derived from the agents' dynamics, is used to design

a control strategy at the macroscopic level. Such a macroscopic control action is then

discretized in order to be deployed on the agents at the microscopic level � see Fig. 2.2

for a schematic of the proposed control solution. As a representative case of study,

we address the problem of steering the dynamics of a group of interacting agents on a

periodic domain. Our goal is to control the agents so that they achieve some desired

con�guration, independently of their interactions (repulsive, attractive, etc.) and their

initial con�guration. Such a problem has important rami�cations in tra�c dynamics

[161, 162], swarming robots [154], and natural systems, including animals' collective

motion [53, 64, 127, 163, 164, 165], and cell populations [46].

After presenting the microscopic description of the agents' behavior, we derive a

macroscopic, PDE model for their emergent behavior and we solve the problem of

designing a control strategy to achieve a desired agents' con�guration. We propose a

mathematical proof of convergence at the macroscopic level, and then we discretize the

control action to obtain the required control inputs acting on the individual agents. In

contrast with [26], the microscopic control inputs are obtained by spatially sampling

the macroscopic control action at the agents' positions. Theoretical derivations are

complemented by numerical simulations validating the e�ectiveness and robustness of

the proposed strategy.

This Chapter is organized as follows. In Section 3.2 we present the microscopic

model of interest; then, in Section 3.3 and 3.4, we give the problem statement and our
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solution exploiting continui�cation; �nally, numerical results are presented and discussed

in Section 3.5, and conclusions are drawn in Section 3.6.

3.2 The model

We consider# dynamical systems moving in the periodic cube
 (3 = 1–2–3) (see Def.

1.1). The agents' dynamics is modeled using thekinematic assumption[53, 166] (i.e.,

neglecting acceleration and considering a drag force proportional to the velocity) and

assuming agents are not subject to any non-holonomic constraint. Speci�cally, we set

¤x8 =
#Õ

: =1

f ¹f x8–x: gº ¸ u8– 8= 1– • • • – #– (3.1)

wherex8 2 
 is the8-th agent's position, andf x8–x: gis the relative position between agent

8and: , wrapped to have values in
 , f : 
 ! R3 is a periodic velocity interaction kernel

modeling pairwise interactions between the agents, andu8 is a velocity control input

designed as to ful�ll some control problem. Furthermore, we assumef ¹zº = �r � ¹zº,

where� : R3 ! R is asoft-corepotential, meaning thatf ¹0º = 0. The Morse potential,

vastly used in the literature [53, 167], is a choice of this kind. We remark that, in the

absence of control, agents subject to a repulsive kernel will spread in
 until reaching an

equilibrium con�guration. Agents subject to a Morse-like kernel (long-range attraction

and short-range repulsion), will reach an aggregated compact formation (see [53] for a

comprehensive description of the uncontrolled problem with 1D examples).

Assuming the number of agents# is su�ciently large, we describe the system's

collective behavior in terms of the spatio-temporal evolution of the swarm's density.

Hence, we de�ne the density at timeCas the scalar functiond : 
 � R� 0 ! R� 0, such

that
¯

 d¹x– Cº dx = # and the integral over a subset of
 returns the number of agents in

it.

3.3 Problem statement

The problem is to select a set of distributed control inputsu8 acting at the microscopic,

agent-level allowing the agents to organize themselves into a desired macroscopic con�g-

uration on
 . Speci�cally, given some desired periodic smooth density pro�le,dd¹x– Cº,

associated with the target agents' con�guration, the problem can be reformulated as that
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of �nding a set of distributed control inputsu8– 8= 1–2– • • • – #in (3.1) such that

lim
C!1

kdd¹�– Cº � d¹�– Cºk2 = 0– (3.2)

for agents starting from any initial con�gurationx8¹0º = x80– 8= 1–2– • • • – #.

3.4 Control design

We describe next how each of the steps depicted in Fig. 2.2 can be implemented to solve

the problem of interest.

3.4.1 Continui�cation

In the limit case of an in�nite number of agents, we recast the microscopic dynamics of

the agents (3.1) as the mass balance equation (see Sec. 2.2.1 for more details about the

micro-to-macro lifting)

dC¹x– Cº ¸ r � »d¹x– CºV¹x– Cº¼= @¹x– Cº– (3.3)

where

V¹x– Cº =
¹



f ¹f x–zgº d¹z– Cº dz = ¹f � dº¹x– Cº• (3.4)

represents the characteristic velocity �eld encapsulating the interactions between the

agents in the continuum. The scalar function@, represents the macroscopic control

action. It is written as a mass source/sink for simplifying derivations, but it will be, in

the end, recast as an additional velocity �eld, in accordance to the microscopic dynamics

(3.1).

For (3.3) to be well posed, we require the periodicity ofd¹x– Cº on m
 8C2 R� 0 and

that d¹x–0º = d0¹xº. We remark thatV is periodic by construction, as it comes from

a circular convolution. Thus, the periodicity of the density is enough to ensure mass

is conserved when@= 0, i.e.,
� ¯


 d¹x– Cº dx
�

C
= 0 (using the divergence theorem and

exploiting the periodicity of the �ux).

Remark 3.1. We do not assume the agents' dynamics to be linear and interactions to

take place on a spatially-invariant lattice as done in [26], where some useful heuristics

extensions to nonlinear systems and di�erent topologies are presented.
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3.4.2 Macroscopic control design

We assume the desired density pro�le obeys the mass conservation law

dd
C¹x– Cº ¸ r �

�
dd¹x– CºVd¹x– Cº

�
= 0– (3.5)

where

Vd¹x– Cº =
¹



f ¹f x–zgº dd¹z– Cº dz = ¹f � ddº¹x– Cº• (3.6)

Periodic boundary conditions and initial condition for (3.5) are set similarly to those of

(3.3). Furthermore, we de�ne the error function4¹x– Cº := dd¹x– Cº � d¹x– Cº.

Theorem 3.1(Macroscopic convergence). Choosing

@¹x– Cº =  p4¹x– Cº � r �
�
4¹x– CºVd¹x– Cº

�
� r � »d¹x– CºVe¹x– Cº¼– (3.7)

where  p is a positive control gain andVe¹x– Cº = ¹f � 4º¹x– Cº, the error dynamics

globally exponentially converges to 0

4¹x– Cº = 4¹x–0ºexpf�  pCg (3.8)

Proof. We can compute the error dynamics by subtracting (3.3) from (3.5), resulting in

4C¹x– Cº ¸ r �
�
dd¹x– CºVd¹x– Cº

�
� r � »d¹x– CºV¹x– Cº¼= � @¹x– Cº• (3.9)

The error function4¹x– Cº is periodic onm
 8C2 R� 0 and4¹x–0º = dd¹x–0º � d¹x–0º.

Then, taking into account thatd = dd � 4, andV = Vd � Ve, we rewrite (3.9) as

4C¹x– Cº ¸ r �
�
4¹x– CºVd¹x– Cº

�
¸ r � »d¹x– CºVe¹x– Cº¼= � @¹x– Cº• (3.10)

Plugging in (3.7), we get

4C¹x– Cº = �  p4¹x– Cº– (3.11)

whose analytical solution lets (3.8) holds. „

Remark 3.2. The control action@transforms the error dynamics in the form in(3.11)

via appropriate cancellations of the macroscopic system dynamics. Moreover,@is

characterized by the non-local termVe, whose de�nition involves the convolution with the

35



3.4. Control design

interaction kernelf and the error4. The presence of such a term implies that the control

action exerted at the positionx depends on the error everywhere else in the domain,

implicitly pointing at the necessities for unlimited sensing capabilities for the agents. This

non-locality is practically smoothed by the vanishing nature of the interaction kernel,

and robustness with respect to limited sensing capabilities is considered in Chapter 4.

3.4.3 Discretization and microscopic control

In order to discretize the macroscopic control action@, we �rst recast the macroscopic

controlled model as

dC¹x– Cº ¸ r � »d¹x– Cº ¹V¹x– Cº ¸ U¹x– Cºº¼= 0– (3.12)

whereU is a controlled velocity �eld, in which we want to incorporate the control action.

Equation (3.12) is equivalent to (3.3), if

r � »d¹x– CºU¹x– Cº¼= � @¹x– Cº• (3.13)

When 3 = 1, this relation simpli�es to¹d* ºG = � @(* being the one dimensional

version ofU), which can be spatially integrated to recover* . When3 ¡ 1, equation

(3.13) is insu�cient to uniquely determineU from @since it represents only a scalar

relationship (as the divergence returns a scalar function). Hence, we de�ne the �ux

w¹x– Cº := d¹x– CºU¹x– Cº, and close the problem by adding an extra di�erential constraint

on the curl ofw. Namely, we consider the set of equations

8>><

>>
:

r � w¹x– Cº = � @¹x– Cº

r � w¹x– Cº = 0
(3.14)

For problem (3.14) to be well posed, we requirew¹x– Cº to be periodic onm
 . Notice that

(3.14) is a purely spatial problem, as no time derivatives are involved. We also remark

that the choice of closing the problem using the irrotationality condition is arbitrary, and

other closures can be considered. This speci�c one allows not to introduce vorticity into

the velocity �eld we are looking for. Since
 is simply connected, andr � w = 0, we

can expressw using the scalar potentiali . Speci�cally, we posew¹x– Cº = �r i ¹x– Cº,

making the zero-curl condition always ful�lled. Then, substituting this into the divergence
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relation in (3.14), we can recast (3.14) as the Poisson equation

r 2i ¹x– Cº = @¹x– Cº• (3.15)

Problem (3.15) is characterized by the periodicity ofr i ¹x– Cº on m
 . We wish to

remark the analogy with the derivation of the Poisson equation in the context of the

electrostatic �eld [42]. Equation (3.15), together with its boundary conditions, de�nes

i up to a constant� . Since we are interested in computingw = �r i , the value of�

is irrelevant. We solve the Poisson problem (3.15) in
 using Fourier series expansion.

Then, writing the Fourier series ofi in 
 , we get

i ¹xº =
Õ

m2Z 3

Wm e9m�x ¸ �– (3.16)

wherem is a multi-index,m is the row vector associated to this multi-index,Wm is the

m-th Fourier coe�cient, 9is the imaginary unit, andx is assumed to be a column. Given

this expression for the potential, we write its Laplacian as

r 2i ¹xº =
Õ

m2Z 3

Wmkmk2
2e9m�x• (3.17)

Next, we can apply Fourier series to the known function@, resulting in

@¹xº =
Õ

m2Z 3

2m e9m�x– (3.18)

where, since at timeCthe function@is known, we can also express the coe�cients as

2m =
1

¹2cº3

¹



@¹xºe� 9m�x dx• (3.19)

Then, recalling (3.15), we can express the coe�cients of the Fourier series of the potential

i as

Wm = �
2m

kmk2
• (3.20)

Hencew = �r i and, consequently,U = w• d. Such derivations need to take place

at eachC. From the implementation viewpoint, when computingi , and consequentlyw,

we approximate it only considering the �rst" (with " su�ciently large) terms of the

in�nite summations in (3.16).
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Then, we can compute the microscopic control inputs for the discrete set of agents

by spatially samplingU¹x– Cº, that is

u8¹Cº = U¹x8– Cº– 8= 1–2– • • • – #• (3.21)

Notice that our discretization procedure is di�erent from the one that is proposed in [26].

Remark 3.3. The macroscopic control action@is based on non-local terms likeVd and

Ve, making the control action exerted atx depending on the error everywhere else in
 .

The inputu8 can be approximated in terms of local information, since the assumption

of unlimited sensing is practically mitigated by assuming a vanishing interaction kernel.

We refer to Chapter 4 for analytical results about stability with limited sensing.

Remark 3.4. The macroscopic velocity �eldU is well-de�ned only whend < 0. This is

indeed a fair assumption, as �nally we will estimate the density by the agents position

with an estimation kernel of our choice. Moreover, asU will be sampled at the agents

locations, i.e. where the density is di�erent from 0, we knowU is well de�ned where it is

needed.

3.5 Numerical validation

In this Section we perform the numerical validation of the proposed control methodology.

We consider two possible scenarios: the case that agents move on the ring (3 = 1), and

the case that agents move on the periodic square (3 = 2). In both scenarios, we consider

agents to start from a constant density pro�le, that isd¹x–0º = # •¹ 2cº3 .

For each simulation trial, we consider two di�erent set-ups. First, we consider a

continuum framework, consisting of the numerical integration of (3.12) (see Appendix

D for more details about the numerical integration), thus letting the hypothesis of an

in�nite number of agents hold. Notice that, in this case, the discretization procedure

described in Section 3.4.3 is not needed. Then, we consider the discrete scenario, where

problem (3.1) is numerically integrated. In this discrete framework, we discretize the

spatial domain into=grid points. Agents are not constrained to move on such grid points,

so that we use a linear interpolation ofU when computingu8. For estimating densities

from the agents' positions, we use a Gaussianmsn(minimum of standard deviation

and interquantile range) kernel estimation, adapted to the circular domain, as in [168].

Looking at both the continuum and discrete case allows to understand how using the

continuum hypothesis for the control design perform when �nally considering �nite size
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swarms.

The performance of each trial is assessed in terms of the percentage error

�� ¹Cº =
k4¹�– Cºk2

2

maxCk4¹�– Cºk2
2

100• (3.22)

The value of �� at the end of the trial is the remaining percentageL 2 error. Trials

are also characterized using the Kullback-Leibler (KL) divergence or relative entropy

[169], as often done for density control problems [170]. Speci�cally, we consider the

KL divergence between the desired and e�ective density of the swarm (re-normalized

to sum to 1). Given,̂d andd̂d, that are analogous to the actual and desired density but

normalized to 1, the KL divergence is de�ned as

� KL ¹Cº =
¹



d̂d¹x– Cº log

�
d̂d¹x– Cº
d̂¹x– Cº

�
dx• (3.23)

This is a non-negative quantity with the case� KL = 0 meaning that the information

embedded in both the densities is identical.

3.5.1 Simulations on the ring

We consider a group of# = 100 agents interacting on the ring through a periodic

repulsive interaction kernel

5¹I º =
sgn¹I º

e
2c
! � 1

h
e

2c �j I j
! � e

jI j
!

i
– (3.24)

where ! is the characteristic length scale1. For all the simulation trials we consider

! = 1. We also �x  p = 10.

As desired density we consider the von Mises distribution

dd¹G– Cº =
# e: cos¹G� ` ¹Cº º

2c� 0¹: º
– (3.25)

where` is the mean,: is the concentration coe�cient,# is used to let the desired density

sum to the total number of agents and�0 is the modi�ed Bessel function of the �rst kind

of order 0 [171].

1This periodic kernel can be derived via periodization of the non-periodic repulsive kernel5̂¹I º =

sgn¹I ºe� jI j
! (see Appendix A for more details).
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(a)C= 0 (b) C= 2

(c) (d)

Figure 3.1: Monomodal regulation (3 = 1): (a-b) initial and �nal con�guration of
the swarm (on the left, agents' displacement; on the right, estimated density in blue
and desired density in orange); (c) time evolution of the percentage error (blue for the
continuum trial, orange for the discrete one); (d) time evolution of the KL divergence
(blue for the continuum trial, orange for the discrete one).

Monomodal regulation As a �rst simulation trial, we consider a rendez-vous problem,

where agents need to meet and stay at a �xed location in the domain. This consists of

�xing the desired density to be that in (3.25) with` = 0 and : = 1•5. Results of this

trial, are reported in Fig. 3.1. In particular, the initial and �nal swarm's con�guration are

reported in Fig. 3.1a and 3.1b, both in terms of agents' displacement inS and estimated

density. The performance of the trial is reported in Fig. 3.1d and 3.1c, showing both the

percentage error and KL divergence are brought to 0, in the continuum (blue line) and

discretized (orange line) framework. For this speci�c case, it is impossible to catch any

di�erence between the continuum and discrete framework, highlighting the suitability of

the continuum hypothesis.
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(a)C= 0 (b) C= 2

(c) (d)

Figure 3.2: Multimodal regulation (3 = 1): (a-b) initial and �nal con�guration of
the swarm (on the left, agents' displacement; on the right, estimated density in blue
and desired density in orange); (c) time evolution of the percentage error (blue for the
continuum trial, orange for the discrete one); (d) time evolution of the KL divergence
(blue for the continuum trial, orange for the discrete one).

Multimodal regulation Still in the vein of a rendez-vous problem, we consider a

bimodal regulation task, consisting tasking agents to meet at two di�erent locations in

S. We �x the desired density to be the composition of two von Mises distributions as

(3.25), the �rst one characterized by` 1 = � c•2 and: 1 = 5, the second one bỳ2 = c•2

and: 2 = 5.

Results of this trial, are reported in Fig. 3.2. In particular, the initial and �nal swarm's

con�guration are reported in Fig. 3.2a and 3.2b, both in terms of agents' displacement

in S and estimated density. The performance of the trial is reported in Fig. 3.2d and

3.2c, showing both the percentage error and KL divergence are brought to 0. For this

numerical trial, we observe that in the discrete scenario, convergence is achieved slower
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(a)C= 0 (b) C= 2

(c)

Figure 3.3: Monomodal tracking (3 = 1): (a) time evolution of̀ ; (b) time evolution of
the percentage error (blue for the continuum trial, orange for the discrete one); (c) time
evolution of the KL divergence (blue for the continuum trial, orange for the discrete one).

than in the continuum case.

Monomodal tracking Here we consider a macroscopic version of a formation control

problem. In particular, we �x the desired density to be that in (3.25), with: = 1•5 and

a time varying meaǹ , whose time evolution is reported in Fig. 3.3a. In particular, it is

�xed to 0 for the �rst quarter of the trial, then it linearly increase in time, to �nally settle

about 0.

The performance of the trial is characterized in Fig. 3.3b and 3.3c, both in terms of

percentage error and KL divergence. We remark that, although at the end of the trial it is

impossible to spot di�erences between the continuum and the discrete case, during the

transient, we observe a degradation in the performance for the discrete set-up.
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(a)C= 0 (b) C= 2

(c)

Figure 3.4: Multimodal tracking (3 = 1): (a) time evolution of̀ ; (b) time evolution of
the percentage error (blue for the continuum trial, orange for the discrete one); (c) time
evolution of the KL divergence (blue for the continuum trial, orange for the discrete one).

Multimodal tracking Finally we consider a multimodal tracking problem, consisting in

�xing the desired density as the combination of two time-varying von Mises distributions

as (3.25). Speci�cally, we �x the concentration coe�cients of the two distributions to be

: 1 = : 2 = 5, while we choose their means, namely` anda, to behave as in Fig. 3.4a.

This means the two modes start centered at� c•2 andc•2, and then start orbiting at �xed

velocity onS until they go back to their initial location.

Results of this trial are reported in Fig. 3.4 and they are qualitatively similar to

those of the monomodal tracking case. In particular, convergence is achieved both in

the continuum and discrete case, but the transient performance and convergence time are

better in the continuum framework.
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(a) (b)

(c) (d)

Figure 3.5: Monomodal and multimodal regulation (3 = 2): (a, c) Final displacement of
the swarm against the desired density; (b, d) time evolution of the KL divergence for the
continuum (blue line) and discrete (orange line) set-up.

3.5.2 Simulation on the periodic square

In this section we consider agents move on the periodic square, that is
 = »� c– c¼2.

We assume a group of100agents, whose interaction are governed by a repulsive kernel

with characteristic length scale! = 1. Notice that, contrary to the one dimensional case,

a closed form of the periodic repulsive kernel was not found2, so that it needs to be

approximated as described in Appendix A.

As for the desired density to achieve, we choose the 2D von Mises function

dd¹xº = / expf k) c1¹x– `– aº ¸ c2¹x– `– º̀ c)
2 ¹x– a– aºg (3.26)

2we tried to seek for the periodization of

f ¹xº =

(
x

kxke� kxk
! if kxk < 0

0 otherwise•
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wherek = »: 1– :2¼) is the vector of the concentration coe�cients,` and a are the

means along the two directions,c1¹x– 0– 1º = »cos¹G1 � 0º–cos¹G2 � 1º¼andc2¹x– 0– 1º =

»cos¹G1 � 0º–sin¹G2 � 1º¼(with 0– 12 
 ), whereG1 andG2 are the components ofx in

the Cartesian coordinate system./ is a normalization coe�cient, to allowdd to sum to

the total number of agents# .

As for the one-dimensional numerical validation, we consider both the continuum

and discrete framework underlying the problem of interest. Here, for brevity, trials are

characterized using the KL divergence only.

Monomodal regulation For this trial we �x the desire density as (3.26) with` = a = 0

and^1 = ^2 = 1•5, mimicking a two-dimensional rendez-vous task.

The �nal con�guration of the group is displaced in Fig. 3.5a, while the time evolution

of the KL divergence for the continuum (blue line) and discrete (orange line) framework

is shown in Fig. 3.5b. While for the continuum case the KL divergence is brought to 0

in almost 1 time unit, we observe a steady-state mismatch for the discrete trial.

Multimodal regulation Here we choose desire density the combination of four distri-

butions as that in (3.26). The concentration coe�cients of all the modes is set to 2, and

the mean values arè1 = ` 2 = � c•2, ` 3 = ` 4 = c•2, a1 = a2 = c•2, anda3 = a4 = c•2.

This desired density consists of four clusters of agents symmetrically displaced around

the origin. The �nal formation is reported in Fig. 3.5c, while the time evolution of the

KL divergence is shown in Fig. 3.5d.

As for the monomodal regulation case, we report a steady-state mismatch between

the continuum and discrete numerical trial.

Monomodal tracking We consider a monomodal tracking scenario, where the desired

density is a 2D von Mises function, whose means are time varying, see (3.26). Specif-

ically, we consider̀ ¹Cº and a¹Cº behaving as in Fig. 3.6a, while the concentration

coe�cients are kept constant and equal to 1. Such a desired density is centered at the

origin for C� 1. Then, it starts moving at constant velocity towards a side of the domain

and then on the circle of radiusc•2. We report the results of the trial in Fig. 3.6b, where

the KL divergence in time is shown.
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(a) (b)

(c) (d)

Figure 3.6: Tracking experiments. (a, c) Time evolution of the means of the monomodal
and multimodal trial, (b, d) KL divergence in time during the monomodal and multimodal
tracking trial (blue line for the continuum framework, orange line for the discrete one).

Multimodal tracking We consider a multimodal tracking case, where two von Mises

functions with constant concentration coe�cients of 2.2 orbitate on the circle of radius

2c•3, after remaining still at two sides of the domain forC� 1. Speci�cally, ` 1¹Cº, a1¹Cº

and` 2¹Cº, a2¹Cº, the means of the two von Mises functions, evolve as in Fig. 3.6c. Such

a desired behavior consists of two clusters of agents orbitating on a circle. Results are

reported in Fig. 3.6d, where the time evolution of the KL divergence is also shown.
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3.5.3 Results

We performed an extensive numerical validation consisting of two main scenarios, the

one-dimensional one where agents move on the ring, and the two-dimensional one where

agents move on the periodic square. For each scenario, we considered four di�erent

experimental conditions, that are (8) monomodal regulation, (88) multimodal regulation,

(888) monomodal tracking, and (8E) multimodal tracking. In each condition, we considered

two di�erent numerical set-ups: the continuum one, where the continui�ed problem is

numerically integrated, so that the hypothesis of in�nite agents holds; the discrete one,

where swarms of �nite size are considere.

In the continuum framework we are almost always able to ful�ll the control problem,

that is, we bring the error to 0 asymptotically. We only observe a degradation of

the performance for tracking trials, where, the numerical di�usion introduced by our

numerical integration scheme plays a more relevant role.

In the discrete framework, we consistently observe performance degradation, in the

form of transient degradation, slower convergence, or a steady-state error (as, for example,

the one depicted in two-dimensional regulation problems � see Fig. 3.5). This is due

to the discretization process discussed in Section 3.4.3, which is indeed needed to cope

with �nite size swarms.

3.6 Discussion

We developed a continui�cation-based control strategy for a swarm of agents moving on

a periodic bounded domain. We started by deriving a macroscopic model of agents' dis-

tribution and designed a control action able to steer it to a desired con�guration, proving

its convergence. The microscopic control strategy was then obtained by spatially sam-

pling the macroscopic control function at the agents' positions. Numerical simulations

con�rmed the e�ectiveness and robustness of the proposed approach.

The approach does not come without limitations. In particular, convergence towards

desired behaviors has been proved only at the macroscopic scale, that is in the limit

of an in�nite number of agents. How the macroscopic convergence maps into the

microscopic dynamics is the subject of ongoing work. Also, a fully distributed and

localized framework needs to be developed to reduce the gap with typical constraints of

real applications.

In the next Chapter we analytically study the robustness properties of the continui�-

cation control solution that is discussed here. In particular, by using the continuum
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formulation of the problem, we derive stability guarantees when the system is pushed

out of its nominal conditions. In particular, we consider agents being a�ected by limited

sensing capabilities and the presence of structural perturbations.

48



4 Robustness Analysis of Con-

tinui�cation Control Method-

ologies

In this Chapter we discuss the results of [30, 32]. Speci�cally, we investigate the stability

and robustness properties of the continui�cation-based strategy for the control of large-

scale multiagent systems presented in Chapter 3. Within this framework, one transforms

the microscopic, agent-level description of the system dynamics into a macroscopic

continuum-level, for which a control action can be synthesized to steer the macroscopic

dynamics towards a desired distribution. Such an action is ultimately discretized to obtain

a set of deployable control inputs for the agents to achieve the goal. The mathematical

proof of convergence toward the desired distribution typically relies on the assumptions

that no disturbance is present and that each agent possesses global knowledge of all

the others' positions. Here, we analytically and numerically address the possibility of

relaxing these assumptions for the case of a system of agents moving in periodic domains.

We o�er compelling evidence in favor of the use of a continui�cation-based strategy when

agents only possess a �nite sensing capabilities and spatio-temporal perturbations a�ect

the macroscopic dynamics of the ensemble.
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4.1 Introduction

The key idea of continui�cation consists of three fundamental steps: (i) �nding a macro-

scopic description (typically a partial di�erential equation, PDE) for the collective dy-

namics of the multiagent system of interest; (ii) designing a macroscopic control action

to attain the desired collective response; (iii) discretize the macroscopic control action to

obtain feasible control inputs for the agents at the microscopic level. See Fig. 2.2 for a

sketch.

This methodology tackles problems in which the control goal is formulated at the

macroscopic dynamics level, but control actions can be exerted only at the microscopic

agent scale [153]. Applications of the approach are related, but not limited to, multi-robot

systems [80, 125, 126, 172], cell populations [45, 46, 173], neuroscience [174, 175], and

human networks [10, 11].

Such an approach was used in [29, 31] to control the distribution of a multiagent sys-

tem swarming in a ring, leading to an e�ective control scheme for the multiagent system

to achieve a desired distribution. Crucially, to prove convergence of the macroscopic

collective dynamics towards the desired distribution, two key assumptions were made.

Firstly, we assume that agents possess unlimited sensing capabilities so as to know the

positions of all other agents in the swarm. Secondly, we assume that no disturbance or

perturbation is a�ecting the dynamics.

Here we remove these often unrealistic assumptions and study the performance,

stability, and robustness of the continui�cation approach in the presence of limited sensing

capabilities or spatio-temporal disturbances. In particular, we prove that semiglobal

asymptotic or bounded convergence can still be achieved under these circumstances. As

we undertake this task, we o�er insights into the role of the control parameters in changing

the size and shape of the region of asymptotic stability of the desired distribution.

The rest of the Chapter is organized as follows. We introduce the robustness analysis

we perform in Section 4.2. Such an analysis consists in the consideration of two di�erent

scenarios: limited sensing capabilities, which are discussed in Section 4.3, and pertur-

bations, which are studied in Section 4.4. Each �nding is complemented by numerical

simulations on di�erent domains.
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4.2 Robustness analysis

We consider the model and problem statement described in Chapter 3. Speci�cally,

we consider the dynamics in (3.1), and the density control problem in (3.2). Under

the assumption of Theorem 3.1, we know that, in the limit of in�nite agents, global

convergence towards the desired density pro�le is achieved. In what follows, we relax

the assumptions of agents possessing unlimited sensing and absence of perturbations to

prove semi-global and bounded convergence can still be ensured.

4.3 Limited sensing capabilities

The macroscopic control law in (3.7) is based on the non-local convolution termVe. For

computing such a control action, agents need to know4 everywhere in
 , meaning that

they need to possess sensing capabilities to cover the whole set
 .

Here, we relax this unrealistic assumption, considering agents only possess a limited

sensing radius� , i.e., they can only measure4 in a neighborhood of radius� located

about their positions. We model such a case by considering a modi�ed interaction kernel

de�ned as

f̂ ¹zº =

8>><

>>
:

f ¹zº if kzk2 � �

0 otherwise
• (4.1)

In this scenario, the macroscopic control law takes the form

@̂¹x– Cº =  p4¹x– Cº � r �
�
4¹x– CºVd¹x– Cº

�
� r �

�
d¹x– CºV̂e¹x– Cº

�
– (4.2)

whereV̂e = ¹f̂ � 4º. Under control action (4.2), the error system dynamics may be written

as

4C¹x– Cº = �  p4¹x– Cº ¸ r �
�
dd¹x– Cº ~V¹x– Cº

�
� r �

�
4¹x– Cº ~V¹x– Cº

�
– (4.3)

where ~V = ¹g � 4º andg = f̂ � f .

Now, we provide some lemmas, that will be used for studying the stability properties

of the perturbed error system (4.3).
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Lemma 4.1. The following inequality holds:

kr � ~Vk1 � k 4k2

3Õ

8=1

k68–G8k2–

where68–G8 is the derivative of the8-th component ofg with respect toG8.

Proof. Expandingr � V̂ into its components (recalling the de�nition of convolution

derivative in Section 1.6), and using the Minkowsky inequality (see Lemma 1.2), we can

write

kr � ~Vk1 =












3Õ

8=1

¹68–G8 � 4º












1

�
3Õ

8=1




 ¹68–G8 � 4º






1 – (4.4)

Using Young's convolution inequality, we construct the bound

kr � ~Vk1 � k 4k2

3Õ

8=1

k68–G8k2– (4.5)

proving the lemma. „

Lemma 4.2. If r dd 2 L 2, i.e. kdd
G8

k2 � " 8, for some constants" 8 and8= 1–2–3, then

k4r dd � V̂k1 � k 4k2
2

3Õ

8=1

" 8k68k2–

where68 is the8-th component ofg.

Proof. By expandingr dd � V̂, we get

k4r dd � V̂k1 =











4

3Õ

8=1

dd
G8

~+8












1

=











4

3Õ

8=1

dd
G8

¹68 � 4º












1

• (4.6)

Then, applying Minkowsky (see Lemma 1.2) and the H¥older (see Lemma 1.1) inequali-

ties, we establish











4

3Õ

8=1

dd
G8

¹68 � 4º












1

�
3Õ

8=1




 4dd

G8
¹68 � 4º






1 �
3Õ

8=1

k4k2kdd
G8

k2k¹68 � 4ºk1 • (4.7)
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Finally, applying the Young's covolution inequality, we have

3Õ

8=1

k4k2kdd
G8

k2k¹68 � 4ºk1 �
3Õ

8=1

k4k2
2kdd

G8
k2k68k2– (4.8)

which, thanks to theL 2-boundedness ofr dd is equivalent to

3Õ

8=1

k4k2
2kdd

G8
k2k68k2 � k 4k2

2

3Õ

8=1

" 8k68k2 (4.9)

Comparing (4.6) and (4.9) yields the claim. „

Theorem 4.1(Semi-global stability under limited sensing). If dd andr dd 2 L 2, control

strategy(4.2)achieves semiglobal stabilization of error dynamics(4.3), so that, for any

initial condition in the compact setk4¹�–0ºk Ÿ W, choosing p su�ciently large ensures

the error to converge asymptotically to 0.

Proof. We choosek4k2
2 as a candidate Lyapunov function. Then, taking into account

(4.3), we write (omitting explicit dependencies for simplicity)

¹k4k2
2ºC=

¹



244Cdx = � 2 pk4k2

2 ¸ 2
¹



4r � ¹ dd ~Vº dx � 2

¹



4r � ¹ 4~Vº dx• (4.10)

This relation may be rewritten as

¹k4k2
2ºC=

¹



244Cdx = � 2 pk4k2

2 ¸ 2
¹



4r � ¹ dd ~Vº dx �

¹



42r � ~V dx– (4.11)

where, applying Lemma 1.7, the divergence theorem, and Lemma 1.8, we establish

2
¹



4r � ¹ 4~Vº dx = 2

¹



r � ¹ 42 ~Vº dx � 2

¹



r 4 � ¹4~Vº dx

= 2
¹

m

42 ~V � n̂ dx � 2

¹



r 4 � ¹4~Vº dx = � 2

¹



r 4 � ¹4~Vº dx

= �
¹



r¹ 42º � ~V dx = �

¹



r � ¹ 42 ~Vº dx ¸

¹



42r � ~V dx

= �
¹

m

42 ~V � n̂ dx ¸

¹



42r � ~V dx =

¹



42r � ~V dx• (4.12)

We can provide bounds for the last two terms of (4.11), namely
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�
�
�
�

¹



4r � ¹ dd ~Vº dx

�
�
�
� �

¹




�
�4r � ¹ dd ~Vº

�
� dx

= k4r � ¹ dd ~Vºk1 = k4ddr � ~V ¸ 4r dd � ~Vk1 �

� k 4ddr � ~Vk1 ¸ k 4r dd � ~Vk1 � k 4k2kddk2kr � ~Vk1

¸ k 4k2
2

3Õ

8=1

" 8k68k2 � k 4k2
2

 
3Õ

8=1

;k68–G8k2 ¸ " 8k68k2

!

– (4.13)

�
�
�
�

¹



42r � ~V dx

�
�
�
� �

¹




�
�42r � ~V

�
� dx = k42r � ~Vk1 � k 4k2

2kr � ~Vk1 � k 4k3
2

3Õ

8=1

k68–G8k2–

(4.14)

where; is a positive constant boundingkddk2, and we used Lemma 4.1 and 4.2, as well

as the H¥older's inequality. Ultimately, we establish that

¹k4k2
2ºC � ¹� 2 p ¸ � ¸ � k4k2ºk4k2

2– (4.15)

where

� = 2
3Õ

8=1

;k68–G8k2 ¸ " 8k68k2– (4.16)

� =
3Õ

8=1

k68–G8k2• (4.17)

Choosing p ¡ ¹� ¸ �Wº•2, the error asymptotically converges to 0, as it ensuresWis in

the basin of attraction of the origin. „

Remark 4.1. Theorem 4.1 represents a semi-global stability result [41] (section 12.1).

This means that, if an initial estimate of the error is available, the control parameters

in the control action can be appropriately chosen to ensure convergence of the error

to 0. The greater the initial error, the greater the control e�ort is needed to ensure

convergence.

Remark 4.2. We remark that (i) as� becomes smaller,k6k2 and k68–G8k2 increase,

requiring a larger value of p to ensure convergence, and (ii) in the limit of local

dynamics about the origin, where we neglect cubic terms in4, one can choose p = � •2.

Remark 4.3. In [30], we explicitly study the case3 = 1, which is included in Theorem
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(a) (b)

Figure 4.1: Limited sensing (3 = 1): steady-state value of (a) the KL divergence,� 1
KL ,

and (b) percentage error,�� 1 , at the end of a monomodal regulation trial, for di�erent
values of� and p ( p = 10in blue, p = 100in orange and p = 1000in yellow). In the
inset of the left panel, we show the repulsive interaction kernel used in the simulations.

4.1.

Numerical validation (3 = 1) We consider the same framework, control discretization

and numerical set-up as in Section 3.5 of Chapter 3. In particular, we refer to a mono-

modal regulation scenario, where a repulsive swarm of# = 100agents, starting evenly

displaced inS, is required to achieve a desired density pro�le given by a von Mises

function, with meaǹ = 0 and concentration coe�cient: = 4 � see (3.25). The pairwise

interactions between agents are modeled via a repulsive kernel, depicted in the inset of

Fig. 4.1a.

We run several trials of durationCf = 6. In each trial, we consider a di�erent sensing

radius� , spanning from0•1c to c. At the end of each trial, we record the steady-state

Kullback-Leibler (KL) divergence ,� 1
KL = � KL ¹Cf º, betweend̂ and d̂d (equivalent to

d anddd, but normalized to sum to 1 � see (3.23) in Section 3.5), and the steady-state

residual percentage error,�� 1 = �� ¹Cf º (see (3.22) in Section 3.5). The results of such a

numerical investigation are reported in Fig. 4.1a, for di�erent values of p. They show

that: (i) for large values of p, performance is independent from the speci�c sensing

radius that is given to the agents, and (ii) for smaller values of p, a limited knowledge of

the domain can still guarantee a performance level that is comparable to the case of� = c.

For example, when considering p = 10, choosing� = 0•4c makes� 1
KL comparable to

the value obtained for unlimited sensing capabilities. We also report in Fig. 4.2 the �nal

con�guration of the swarm for di�erent values of the sensing radius, when p = 10. We
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(a) � = 0•1c (b) � = 0•4c

(c) � = 0•7c (d) � = c

Figure 4.2: Steady-state (C= Cf ) comparison between the agents distribution (blue line)
and the desired one (orange line) when the agents are started from the initial distribution
shown as a black line, for increasing sensing abilities of the agents when p = 10. Panel
(d) shows the case when sensing is unlimited. In the inset of each panel, we display the
discrete formation of the agents at the end of the trial.

remark that the non-zero� 1
KL comes from the discretization process, and it approaches

0 in the limit of an in�nite number of agents.

Numerical validation (3 = 2) We consider a sample of 100 agents starting from a

constant density pro�le, and, we run both a discrete and a continuous simulation. This

means we numerically integrate both (3.1) and its continui�ed version (3.3), allowing us

to understand how well the continuum approximation holds. As a desired density, we

consider the bivariate von Mises distribution in (3.26) with` = a = 0 and: 1 = : 2 = 1•5

To validate the stability result of Theorem 4.1, we �x p = 100. When running a trial

of 200 time steps, we obtain the results in Fig. 4.3a, 4.3b choosing� = 0•1c (i.e., agents

have a sensing radius of 10% of the domain), and those in Fig. 4.3c, 4.3d with� = c

(i.e., unlimited sensing). This choice of p ensures the performance is independent

of the sensing capabilities of the agents. In the discrete trials, we observe a non-zero
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(a) (b)

(c) (d)

Figure 4.3: Robustness to limited sensing when3 = 2 ( p = 100, (a, b)� = 0•1c, (c, d)
� = c). (a, c) Final displacement of the system on top of the desired density; (b, d) time
evolution of the percentage error for the discrete (blue) and continuous case (orange).

steady-state error. This is due to the �nite-size e�ect of assuming a swarm of 100 agents.

This residual error is slightly worse in the case of limited sensing.

4.4 Spatio-temporal perturbations of the velocity �eld

Next, we assess the robustness of the approach to perturbations acting additively on the

macroscopic velocity �eld and the second on the interaction kernel.

We consider the modi�ed problem

dC¹x– Cº ¸ r � »d¹x– Cº ¹V¹x– Cº ¸ W¹x– Cºº¼= @¹x– Cº– (4.18)

whereW is a perturbing velocity �eld. Further, we hypothesize (8) W to be periodic on

m
 , (88) components ofW to be! 1 bounded by some positive constants�, 8 (8= 1–2–3),

57



4.4. Spatio-temporal perturbations of the velocity �eld

Figure 4.4: Phase portrait of system (4.25), boundingk4k2
2 in the presence of spatio-

temporal disturbances.

and (888) kr � Wk1 � b, . In such a scenario, the error dynamics become

4C¹x– Cº = �  p4¹x– Cº ¸ r � » dd¹x– CºW¹x– Cº¼ � r � »4¹x– CºW¹x– Cº¼• (4.19)

Theorem 4.2 (Bounded stability with perturbations). In the presence of a bounded

spatio-temporal disturbanceW, and if kddk2 � ! and kdd
G8

k � " 8 (8= 1– • • • – 3), there

exists a threshold valuê ¡ 0, such that for p ¡ ^ , the dynamics ofk4k2
2 remains

bounded. Speci�cally,

lim
C!1

supk4¹�– Cºk2 �
�

2 p � b,
– (4.20)

with � = 2
�
! b, ¸

Í 3
8=1 " 8 �, 8

�
.

Proof. We write the dynamics ofk4k2
2 as

¹k4k2
2ºC= 2

¹



44Cdx = � 2 pk4k2

2 ¸ 2
¹



4r � ¹ ddWº dx � 2

¹



4r � ¹ 4Wº dx• (4.21)

Similarly to the proof of Theorem 4.1 (speci�cally (4.11) and (4.12)), we can rewrite

(4.21) as

¹k4k2
2ºC= 2

¹



44Cdx = � 2 pk4k2

2 ¸ 2
¹



4r � ¹ ddWº dx �

¹



42r � W dx• (4.22)

Similarly to (4.13) and (4.14) in the proof of Theorem 4.1, we can give the bounds

�
�
�
�

¹



4r � ¹ ddWº dx

�
�
�
� �

¹




�
�4r � ¹ ddWº

�
� dx = k4r�¹ ddWºk1 = k4ddr� W¸ 4r dd�Wk1 �

58



Chapter 4. Robustness Analysis of Continui�cation Control Methodologies

(a) (b)

Figure 4.5: Robustness to perturbations (3 = 1,  p = 10): (a) time evolution of the KL
divergence when a constant disturbance of amplitude3̂ switches on atC= 3 (in the inset,
a zoom of the second half of the trial is given); (b) time evolution of the percentage error
during the second half of the trial.

� k 4ddr� Wk1¸k 4r dd�Wk1 � k 4k2kddk2kr� Wk1 ¸k 4k2

3Õ

8=1

kdd
G8

k2k, 8k1 �
�
2

k4k2–

(4.23)

�
�
�
�

¹



42r � W dx

�
�
�
� �

¹




�
�42r � W dx

�
� =




 42r � W






1 � k 4k2k4k2kr � Wk1 � b, k4k2
2

(4.24)

Then, setting[ = k4k2
2, we establish

[ C � � �[ ¸ �
p

[– (4.25)

where� is given in the theorem statement, and� = 2 p � b, . If we assume� to be

positive, i.e.,2 p ¡ b, , the bounding �eld is exhibiting a global asymptotically stable

equilibrium point at� 2• � 2 (see Fig. 4.4 for a sketch of the phase portrait). Then, thanks

to the Lemma 1.5, (4.20) is recovered. Hence, if p ¡ ^ ¡ b, •2, k4k2 remains bounded

by � • � . „

Remark 4.4. Theorem 4.2 provides a bounded stability result in the presence of exoge-

nous perturbations. By increasing the control gain p, and consequently increasing the

control e�ort, we can make the steady-state error arbitrarily small.
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(a) (b)

Figure 4.6: Robustness to perturbations (3 = 1,  p = 100): percentage error in time for
(a) a continuous trial, (b) a discrete trial.

Numerical validation (3 = 1) We consider the scenario presented in the previous

section but assuming that a disturbance, ¹G– Cº = 3̂ step¹C� Cf •2º is acting on the

macroscopic dynamics. Setting p = 10and considering di�erent values of̂3, we obtain

the results reported in Fig. 4.5. In particular, results are characterized both in terms of

KL divergence and percentage error, respectively in Fig. 4.5a and 4.5b. As expected,

in the presence of the disturbance, the KL divergence and the percentage error remain

bounded and decreases as the control gain p increases. For example, the steady-state

value of the KL divergence decreases from 0.06 when p = 10 to less than 0.02 when

 p � 100(for brevity, the result of this analysis varying p is omitted from the Thesis).

Numerical validation (3 = 2) To numerically assess robustness to perturbations when

agents move on the periodic square, we consider a step disturbance of amplitude3̂ on

both theGand H direction coming at half of the trial, that isW¹G– Cº = 3̂ »step¹C�

Cf•2º–step¹C� Cf•2º¼) . In this case, for a trial of 400 time steps, we observe the results in

Fig. 4.6a for the continuous case and Fig. 4.6b for the discrete one. For both scenarios,

we observe that, when the perturbation is active, the error settles to a bounded value,

con�rming �ndings in Theorem 4.2. We also remark that the error settles well below the

theoretical estimation of Theorem 4.2, for example, when3̂ = 3c•2, � • � � 0•8, while

k4¹�– Cf ºk2 � 0•1.

60



Chapter 4. Robustness Analysis of Continui�cation Control Methodologies

4.5 Discussion

We investigated the stability and robustness properties of a continui�cation control strat-

egy for a set of agents in periodic domains. We quanti�ed the extent to which the

approach presented in Chapter 3 is robust when a�ected by (i) limited sensing capabil-

ities of the agents, and (ii) spatio-temporal disturbances. In all cases, we establish the

mathematical proofs of semiglobal asymptotic or bounded convergence � the latter in the

form of a residual steady-state mismatch that can be made arbitrarily small by increasing

the control gain.

In the next Chapter, we introduce a continuum framework for density control problems

in leader-followers scenarios. In particular, the control strategy that is discussed in

Chapter 3 (and whose robustness properties are discussed in this Chapter) su�ers from

the limitation that control needs to be applied to all the agents in the group to control. In

what follows, we relax this assumption, assuming some control task needs to be solved

by controlling only a subset of the agents in the group, namely the leaders. In so doing,

we derive necessary and su�cient conditions about the feasibility of the problem, and,

subsequently, we propose two di�erent control strategies ensuring global convergence

properties.
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5 Leader-Follower Density Con-

trol in Large-Scale Multi-Agent

Systems

In this Chapter we present the work in [33]. We address the problem of controlling the

density of a large ensemble of follower agents by acting on a group of leader agents that

interact with them. We formulate the problem as a system of coupled partial integro-

di�erential equations describing the dynamics of the leaders' and followers' densities.

We de�ne feasibility conditions and propose two control architectures for exponential

global stability. The �rst architecture is a feed-forward scheme for the followers. It

adjusts the leaders' density via a feedback loop, which leverages information about

leaders and a �xed reference density, to direct followers towards a target distribution.

The second, dual feedback strategy employs a reference-governor to dynamically adapt

the leaders' reference density based on measurements on both leaders and followers.

Initially analyzed in one dimension, our methods are expanded to multi-dimensional

applications. Numerical validations and an application in continui�cation-based control

of leader-follower multiagent systems con�rm the e�ectiveness of our approaches.

5.1 Introduction

Orchestrating the collective spatial organization of multi-agent systems is crucial in �elds

such as tra�c control [109], collective additive manufacturing [110], synthetic biology

[111], swarm robotics [112], and environmental management [113]. Leader-follower

control strategies, where leader agents steer the behavior of a group of follower agents, are

widely applied in these areas and other control applications [10, 11, 114, 115, 116, 117].
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5.1. Introduction

For example, the use of controlled autonomous vehicles has been proposed to improve

tra�c �ows, avoiding stop-and-go waves and reducing emissions [15, 89]. In swarm

robotics and synthetic biology, leader-follower dynamics can facilitate the management

and regulation of large groups and cellular consortia [118, 119, 120, 121]. A key challenge

is establishing analytical guarantees for achieving desired collective tasks. For instance, in

the shepherding control problem, it is crucial to determine the optimal leader-to-follower

ratios and sensing ranges to e�ectively manage group dynamics and corral and contain the

followers towards desired regions in the state space [17, 122, 123, 124]. In complex multi-

agent scenarios, microscopic models using ordinary (stochastic) di�erential equations

are often replaced by macroscopic models using partial integro-di�erential equations to

simplify analysis and enhance control of spatial organization on a large scale, avoiding

its inherent curse of dimensionality [29, 30, 31, 48, 51, 52, 57, 58, 67, 98, 125, 126, 127].

In this Chapter, we address the challenge of applying macroscopic control techniques

in leader-follower dynamics. Drawing from principles of mixture theory [176] and

building on the state of the art, we represent the spatial interactions between two distinct

populations of agents � leaders and followers � through two one-way coupled partial

integro-di�erential equations, akin to mass conservation laws for di�erent phases in a

mixture. We synthesize a macroscopic control action to steer the density of the leaders

so as to indirectly control that of the followers. First, we develop a feed-forward control

scheme where the follower dynamics is tamed by making the leaders density converge

towards a predetermined reference. Next, using a reference-governor approach, we

make such a density a function of the actual followers' density and, hence, develop a

dual-feedback control strategy comprising an inner loop on the leaders' density and an

outer loop on the followers'. All our �ndings are corroborated by compelling numerical

examples.

The main contributions of this Chapter are as follows:

ˆ We introduce a simple, yet e�ective, model for the macroscopic spatial organization

of two interacting populations of leaders and followers.

ˆ We derive analytical conditions that determine the feasibility of solving the prob-

lem, considering factors such as the leaders/followers ratio, noisiness and sensing

radius of the followers, and desired density to be achieved.

ˆ We propose two control schemes that e�ectively solve the problem, formally

proving that they ensure global exponential stability towards the desired behavior.

ˆ We implement our macroscopic control solution on a population of �nite size,
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thereby connecting it with the latest advances in continui�cation-based control

schemes [26, 29, 30, 31]. This application demonstrates how large-scale control

strategies can be e�ectively integrated with the detailed dynamics of individual

agents, bridging macroscopic and microscopic methodologies.

The rest of the Chapter is organized as follows. Section 5.2 elaborates on the

continuous leader-follower model. The feasibility of the problem is thoroughly examined

in Section 5.4, which also leads to the development of two distinct control strategies,

detailed in Sections 5.5 and 5.6 within a one-dimensional framework. Sections 5.7 and

5.8 presents the numerical validation of our proposed methodologies in macroscopic and

microscopic scenarios, respectively. Finally, the higher-dimensional extension of the

proposed approach is presented in Section 5.9, demonstrating its adaptability and scope.

5.2 The model

We study a continuous formulation of the leader-follower control problem, where a

population of leader agents (or controllers) is assigned the task of taming the behavior of

a population of follower agents (or targets). In this framework, also adopted di�erently

in [130], two coupled equations are used to describe the spatio-temporal dynamics of the

densities of the leaders and the followers. For simplicity, di�erently from [130] we do not

consider interactions taking place between agents of the same population. In particular, a

convection-di�usion equation is used to capture the dynamics of the followers assuming

that they are random walkers at the microscopic level, see e.g. [17, 133]; their interaction

with the leaders being captured by a cross convection term. Conversely, the leaders'

dynamics is described by a mass conservation equation in�uenced by some control �eld,

sayD, resulting in

d!
C ¹G– Cº ¸

�
d! ¹G– CºD¹G– Cº

�
G = 0– (5.1a)

d�
C ¹G– Cº ¸

�
d� ¹G– CºE� ! ¹G– Cº

�
G = �d �

GG¹G– Cº– (5.1b)

whereG2 S andC2 R� 0 represent the space and time coordinates,d! – d� : S � R� 0 !

R� 0 are the leaders' and followers' densities,� 2 R� 0 weights the strength of the

di�usion of the followers, andD: S � R� 0 ! R is a velocity �eld to be designed in order

to control the leaders' dynamics. No di�usion term is present in the leader equation, as
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5.2. The model

we assume their microscopic counterpart to be deterministic. Also,

E� ! ¹G– Cº =
¹

S
5¹f G– Hgºd! ¹H– Cº dH= ¹ 5 � d! º¹G– Cº (5.2)

is a velocity �eld modeling the in�uence of the leaders on the dynamics of the followers,

wheref G– Hg = ¹G� H¸ cº mod¹2cº � c is the relative position betweenGandHwrapped

onS, and5 : S ! R is a soft-core (that is, returning bounded values when the argument

is 0), odd interaction kernel [53]. To cope with the domain periodicity, we further assume

5 to be periodic. Although the formulation is general, and any choice can be made for

the kernel5, we �x it to be repulsive, that is, we choose

5¹Gº =
1

e
2c
! � 1

sgn¹Gº
h
e

2c �j Gj
! � e

jGj
!

i
– (5.3)

where! is the characteristic interaction length.

Remark 5.1. Notice that(5.3)is the periodic version of the more standard non-periodic

repulsive kernel5̂¹Gº = sgn¹Gºe� jGj
! , which is typically considered in the literature

[53, 64, 122], (see Appendix A). Also, note that our approach can easily be applied to

the case of an attractive kernel by simply changing the sign in(5.3).

By selectingD in (5.1a) as a periodic function, such thatD¹� c– Cº = D¹c– Cº for all

C2 R� 0, and imposing the periodic boundary condition

d! ¹� c– Cº = d! ¹c– Cº– 8C2 R� 0– (5.4)

we ensure conservation of the leaders' mass" ! , that is,
� ¯

S d! ¹G– Cº dG
�

C
= 0. Equation

(5.1a) is also complemented with its initial condition, that is

d! ¹G–0º = d!
0 ¹Gº– (5.5)

whered!
0 ¹Gº is periodic and such that

¯
S d!

0 dG= " ! .

AsE� ! in (5.1b) is periodic by construction (as it is de�ned as a circular convolution),

the periodic boundary condition

d� ¹� c– Cº = d� ¹c– Cº– 8 C2 R� 0 (5.6)

ensures the followers' mass," � , is conserved, that is
� ¯

S d� dG
�

C
= 0 (recalling that

the derivative of a periodic function is periodic itself). Equation (5.1b) is complemented
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with its initial condition, that is

d� ¹G–0º = d�
0 ¹Gº– (5.7)

whered�
0 ¹Gº is periodic and such that

¯
S d�

0 dG= " � .

Remark 5.2. We considerd!
0 – d�0 2 � 2¹Sº (notice that, in principle, less regularity can

be considered ford!
0 ). Moreover, we remark that, requiring the periodicity ofd8, with

8= !– � , ensures that the spatial derivatives ofd8 are periodic as well.

We further assume that the overall mass of leaders and followers is normalized to 1,

that is

" ! ¸ " � = 1• (5.8)

Notice that, the mathematical set-up in (5.1) o�ers a macroscopic continuum descrip-

tion of the so-called shepherding control problem [17, 20]. Within this context, some

controllable leader agents (or herders) are tasked to corral a large set of follower agents

(or targets) into a pre-de�ned goal region. Many applications can be framed within this

area, such as managing environmental pollutants via robotic systems [113], and search

and rescue operations [177]. Moreover, our choice of stating the problem for periodic

domains, not only simplify derivations, but also well adapts to describe phenomena

that have been traditionally studied within this scope, like tra�c and animal behavior

problems [15, 164]. We also remark that our set-up can be easily adapted to deal with

general, non-periodic domains, as done in [31] for a swarm robotics setting.

5.3 Problem statement

We seek to �nd a spatially periodic control inputDin (5.1a) such that, starting fromd�
0 ,

the leaders will displace so that the followers distribution achieves a desired con�guration,

that is,

lim
C!1

k �d� ¹�º � d� ¹�– Cºk2 = 0– (5.9)

where �d� : S ! R¡ 0 is the desired stationary periodic density pro�le for the followers.

We note that, by designingD, we are indirectly controlling the dynamics of the followers'

population by driving the density of the leaders,d! , which, in turn, in�uences the

followers' population through the interaction kernel5.
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(a) (b)

(c)

Figure 5.1: Feasibility plots: minimum amount of leaders' mass,b" ! for (a) �xed ! and
varying ^ and � , (b) �xed � and varying^ and ! , and (c) �xed ^ and varying� and
! . In red we show the curve indicating whenb" ! becomes greater than 1.b" ! has been
saturated to 1 for visualization purposes.

Remark 5.3. Notice that, in the absence of leaders,(5.1b)describes Brownian motion

of the followers at the macroscopic level. Such a behavior represents an e�ective evasive

strategy, as shown in [133], within the context of a shepherding problem (see [20] for

further details).

5.4 Feasibility analysis

De�nition 5.1. We say that problem(5.1)-(5.9) admits a feasible steady-state solution

(or, equivalently, that it is feasible) if, given a followers' mass0 Ÿ " � Ÿ 1, there exists
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a leaders' density�d! ¹Gº, ful�lling the following two conditions:

1• �d! ¹Gº � 0– 8 G2 S– (D1.1)

2•
¹

S
�d! ¹Gº dG= " ! = 1 � " � – (D1.2)

and such that the desired followers' density�d� is a steady-state solution of(5.1b), upon

settingE� ! ¹G– Cº = �E� ! ¹Gº := ¹ 5 � �d! º¹Gº.

Remark 5.4. Notice that we do not explicitly require�d! to be a solution of(5.1a), as

we can enforce it via an appropriate choice of the control inputD, as it is shown in Sec.

5.5.1.

Hence, for the problem to be feasible, a necessary condition is for�d� to be a steady-

state solution of (5.1b)

�
�d� ¹Gº �E� ! ¹Gº

�
G = � �d�

GG¹Gº• (5.10)

By spatial integration, recalling�d� ¹Gº < 0 8 G2 S (see Section 5.3), we can recover the

expression of the velocity �eld�E� ! such that, being the problem set in� 2¹Sº, (5.10) is

ful�lled almost everywhere,

�E� ! ¹Gº = �
�d�

G¹Gº
�d� ¹Gº

¸
�

�d� ¹Gº
– (5.11)

where� is an arbitrary integration constant. Note that, by reformulating the problem in

C2¹Sº and not in� 2¹Sº, (5.11) would hold point wise.

To �nd � , we notice that, as5 is odd, from Fubini's theorem for convolutions [178],

we must have
¹

S
�E� ! ¹Gº dG=

¹

S
¹ 5 � �d! º¹Gº dG=

¹

S
5¹Gº dG

¹

S
�d! ¹Gº dG= 0• (5.12)

Then, using (5.12), from (5.11) we can derive

� = �
�

¯
S �d�

G¹Gº• �d� ¹Gº dG
¯

S 1• �d� ¹Gº dG
= �

�
�
log¹ �d� ¹Gºº

� c
� c¯

S 1• �d� ¹Gº dG
= 0– (5.13)
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because of the periodicity of�d� . Thus, setting� = 0 in (5.11) we �nd

�E� ! ¹Gº = �
�d�

G¹Gº
�d� ¹Gº

• (5.14)

Given the expression of�E� ! in (5.14), knowing that�E� ! = 5� �d! , and assuming the

expression of the repulsive kernel in (3.24), we can recover the reference leaders' density

�d! by deconvolution [179] (see Appendix B for more details), yielding

�d! ¹Gº =
�E� !

G ¹Gº
2

�
1

2! 2

¹
�E� ! ¹Gº dG¸ �– (5.15)

where� is an arbitrary constant. Note that the deconvolution operation does not automat-

ically guarantee that the resulting leaders' density�d! is feasible according to De�nition

5.1. Then, problem (5.1)-(5.9) is feasible if there exists a constant� in (5.15) such that

conditions (D1.1) and (D1.2) in De�nition 5.1 hold.

Using (5.15), (D1.1), and (D1.2), we can derive a lower bound on the mass of leaders

needed to make the problem feasible as a function of the kernel parameters, the di�usivity

of the followers, and the desired density pro�le. In what follows, we normalize the desired

followers' density as

�d� ¹Gº = " � d̂� ¹Gº– (5.16)

with
¹

S
d̂� ¹Gº dG= 1• (5.17)

Theorem 5.1. Problem(5.1)-(5.9) with 5 chosen as in(3.24) is feasible according to

De�nition 5.1 if and only if, givend̂� as in(5.16), the leaders' mass" ! is such that

b" ! � " ! Ÿ 1 (5.18)

with
b" ! = max

G
f � ¹Gºg–

where

� ¹Gº = � c�6 1¹Gº ¸
c�
! 2

62¹Gº �
��
2! 2

– (5.19)
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and

61¹Gº =
�
log¹d̂� ¹Gºº

�
GG=

�
d̂�

G¹Gº
d̂� ¹Gº

�

G
– (5.20)

62¹Gº = log¹d̂� ¹Gºº– (5.21)

� =
¹

S
log¹d̂� ¹Gºº dG• (5.22)

Proof. We �rst prove su�ciency () ). Substituting (5.16) into (5.14) we rewrite�E� ! as

�E� ! ¹Gº = �
d̂�

G¹Gº
d̂� ¹Gº

• (5.23)

Using this expression for�E� ! in (5.15), we obtain

¹

S
�d! ¹Gº dG= �

� �
2! 2

¸ 2c�– (5.24)

where we used the periodicity of�E� ! and choose� as in (5.22). Now, to ful�ll (D1.2)

in De�nition 5.1, we select the arbitrary constant� in (5.15) as

� =
1

2c

�
1 � " � ¸

� �
2! 2

�
• (5.25)

Substituting this expression of� into (5.15), and computing�E� !
G , from (D1.1) we have

�d! ¹Gº =
�
2

61¹Gº �
�

2! 2
62¹Gº ¸

1
2c

�
1 � " � ¸

� �
2! 2

�
� 0– (5.26)

with 61 and62 given by (5.20) and (5.21), respectively.

Hence, problem (5.9) admits a feasible solution if (5.26) is ful�lled. From (5.26),

knowing that" ! = 1 � " � , it follows

" ! � � c�6 1¹Gº ¸
c�
! 2

62¹Gº �
��
2! 2

= � ¹Gº– 8 G2 S– (5.27)

which is always ful�lled under (5.18), thus proving su�ciency.

To prove necessity (( ), we assume feasibility, that is, we know there exists some

non-negative�d! summing to" ! 2 ¹0–1º, making �d� a steady-state solution of (5.1b).

Hence, the steps from (5.23) to (5.27) hold by assumption. Being" ! constant, it must

be " ! � b" ! for (5.27) to hold. „
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Remark 5.5. The use of Theorem 5.1 (speci�cally, condition(5.18)) is twofold. (8) Given

the normalized desired followers' density to achieve, one can derive a condition on the

minimum amount of leaders' mass" ! that makes the problem feasible. (88) Given the

available mass of leaders, one can identify what desired densities of followers can be

e�ectively achieved.

Remark 5.6. The whole feasibility analysis can be carried out also assuming some more

complex followers' density dynamics. Speci�cally, in Appendix C.1, we give some details

about the case of followers showing followers-followers interactions in the convective

term, that here were omitted from the analysis for simplicity.

5.4.1 An example

Let us assume that the normalized desired followers' density is the von Mises distribution

d̂� ¹Gº =
e^ cos¹G� ` º

2c� 0¹^º
– (5.28)

where^ is the concentration coe�cient,̀ is the mean and�0 is the modi�ed Bessel

function of the �rst kind of order 0. Without any loss of generality, we �x` = 0 and use

(5.20), (5.21), (5.22) to compute

61¹Gº = � ^ cos¹Gº– (5.29a)

62¹Gº = ^ cos¹Gº � log»2c� 0¹^º¼– (5.29b)

� = � 2c log»2c� 0¹^º¼• (5.29c)

Substituting into (5.19), we obtain

� ¹Gº = c�
�
1 ¸

1
! 2

�
^ cos¹Gº– (5.30)

whose maximum inS is

b" ! = max
G2S

� ¹Gº = c�
�
1 ¸

1
! 2

�
^• (5.31)

Therefore, from Theorem 5.1 the problem is feasible if

c�
�
1 ¸

1
! 2

�
^ Ÿ " ! Ÿ 1 (5.32)
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Figure 5.2: (a) Feed-forward control scheme. (b) Detail of the leaders' reference generator
block (where the feasibility analysis is performed).

In Fig. 5.1, we reportb" ! as a function of� , ! and ^ in three di�erent scenarios.

Speci�cally, in Fig. 5.1a, we consider! = c and we let^ and � vary; in Fig. 5.1b,

we �x � = 0•05 and we let̂ and ! vary; in Fig. 5.1c, we �x^ = 1 and let� and !

vary. From Fig. 5.1 we notice that a larger leaders' mass is needed for larger values of

� and^, and for smaller values of! . This suggests that highly di�usive followers (large

� ) require more leaders for e�ective control, supporting the use of random walks as an

evasive strategy [133]. Moreover, achieving more concentrated desired density pro�les

(large^) demands a greater mass of leaders. Additionally, as expected, a broader area of

in�uence (large! ) simpli�es the leaders' task.

For completeness, we also report the resulting expression of the reference leaders'

density as computed from (5.15) with� from (5.25), that is,

�d! ¹Gº = �
� ^
2

�
1 ¸

1
! 2

�
cos¹Gº ¸

" !

2c
• (5.33)

5.5 Feed-forward control

Assuming the problem is feasible according to De�nition 5.1, we shall seek to �nd an

expression forDin (5.1a) that drives the leaders' density fromd!
0 towards�d! (computed

from (5.15), �xing � as in (5.25)) and, under appropriate conditions, renders�d� an

asymptotically stable solution of (5.1b). The overall control scheme is reported in

Fig. 5.2. We wish to point out that the control solution we propose here does not use

information about the followers' densityd� when controlling the leaders, making it a
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feed-forward solution with respect to the followers' dynamics. To make the solution

more robust, including information aboutd� , we propose a reference-governor scheme

in Section 5.6.

5.5.1 Leaders' control design

Given a desired density pro�le,�d! , ful�lling (D1.1) and (D1.2) in De�nition 5.1, we

want to chooseDin (5.1a) so as to drived! to it. We recall that a spatially periodicD

ensures leaders' mass conservation (see Section 5.2).

We de�ne the leaders' density error as

4! ¹G– Cº = �d! ¹Gº � d! ¹G– Cº• (5.34)

Notice that the following integral condition is ful�lled:

¹

S
4! ¹G– Cº dG=

¹

S

�
�d! ¹Gº � d! ¹G– Cº

�
dG= " ! � " ! = 0– 8 C2 R� 0• (5.35)

Theorem 5.2(Leaders' global exponential convergence). ChoosingDfrom the spatial

integration of

�
d! ¹G– CºD¹G– Cº

�
G = �  ! 4! ¹G– Cº– (5.36)

with  ! ¡ 0, makes the leaders' error dynamics globally exponentially convergent to

zero.

Proof. From (5.34) and (5.1a), the leaders' error dynamics obeys

4!
C¹G– Cº = � d!

C ¹G– Cº =
�
d! ¹G– CºD¹G– Cº

�
G– (5.37)

with its initial and periodic boundary condition

4! ¹G–0º = �d! ¹Gº � d!
0 ¹Gº 8 G2 S (5.38a)

4! ¹� c– Cº = 4! ¹c– Cº 8 C2 R� 0• (5.38b)

Substituting (5.36) into (5.37) yields

4!
C¹G– Cº = �  ! 4! ¹G– Cº– (5.39)
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which is a linear globally convergent PDE. Therefore,

4! ¹G– Cº = 4! ¹G–0º expf�  ! Cg• (5.40)

„

Remark 5.7. The control action is obtained with the same fashion discussed in Chapter

2.2 (here we neglect interactions between the agents of the same population). Moreover,

Dcan be derived by a spatial integration of(5.36), that is

D¹G– Cº = �
 !

�d! ¹Gº � 4! ¹G– Cº

¹
4! ¹G– Cº dG– (5.41)

where the integration constant was set to 0. Notice thatDis well de�ned only ifd! ¹G– Cº <

0 (recalling d! = �d! � 4! ), as no control is exertable otherwise.

The periodicity ofD, which is proved next, ensures that leaders' mass is conserved (
¯

S d!
C ¹G– Cº dG= 0).

Corollary 5.1. The �eld D obtained by spatially integrating(5.36) is periodic, that is

D¹� c– Cº = D¹c– Cº 8 C2 R� 0.

Proof. By spatially integrating (5.36) inS, we get

¹

S

�
d! ¹G– CºD¹G– Cº

�
G dG= �

¹

S
 ! 4! ¹G– Cº dG= 0– (5.42)

where we used (5.35). Expanding the �rst member of (5.42) implies

d! ¹� c– CºD¹� c– Cº = d! ¹c– CºD¹c– Cº• (5.43)

As d! ¹c– Cº = d! ¹� c– Cº from the boundary conditions of (5.1a), the thesis follows.„

Remark 5.8. Notice that the overall control strategy for the leaders' density can be easily

adapted to tracking scenarios. Indeed, if~d! ¹G– Cº is a time varying periodic density

ful�lling some mass conservation principle (that is,
¯

S ~d!
C ¹G– Cº dG= 0), choosing

�
d! ¹G– CºD¹G– Cº

�
G = � ~d!

C ¹G– Cº �  ! 4! ¹G– Cº– (5.44)

still allows the error dynamics to be recast as in(5.39) (in this context the error is

4! = ~d! � d! ). Such a choice is also associated with a periodic velocity �eldD(ensuring
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well posedness is preserved) as

¹

S

�
� ~d!

C ¹G– Cº �  ! 4! ¹G– Cº
�

dG= 0– 8 C� 0– (5.45)

letting (5.43)and, consequently, Corollary 5.1 still holds.

5.5.2 Followers' stability analysis

Under the control action discussed in Section 5.5.1, we know leaders' density exponen-

tially converges to�d! . Here, we prove that, under suitable conditions, global exponential

stability of the followers density towards�d� is also attained.

We de�ne the followers' error as

4� ¹G– Cº = �d� ¹Gº � d� ¹G– Cº• (5.46)

Notice that, by construction,
¯

S 4� ¹G– Cº dG= 0 8 C� 0. The error dynamics is given by

4�
C ¹G– Cº =

h�
�d� ¹Gº � 4� ¹G– Cº

�
E� ! ¹G– Cº

i

G
¸ �

�
4�

GG¹G– Cº � �d�
GG¹Gº

�
– (5.47)

subject to initial and periodic boundary conditions

4� ¹G–0º = �d� ¹Gº � d� ¹G–0º 8 G2 S (5.48a)

4� ¹� c– Cº = 4� ¹c– Cº 8 C2 R� 0• (5.48b)

Theorem 5.3(Followers' global exponential stability). In a feasible scenario according

to Theorem 5.1, if

 5 5= � 2� ¸ � k61¹�ºk1 ¸ k � 1¹�ºk1 Ÿ 0– (5.49)

where

� 1¹Gº =
�
¹ 5 � d!

0 º¹Gº
�

G– (5.50)

and61 comes from(5.20), the error dynamics(5.47)globally exponentially converges to

0 in L 2¹Sº. If  ! � j  5 5j, the rate of convergence isj 5 5j.

Proof. From (5.40), we know that

d! ¹G– Cº = �d! ¹Gº ¸ � ¹G– Cº– (5.51)
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where

� ¹G– Cº = �
�

�d! ¹Gº � d! ¹G–0º
�

exp¹�  ! Cº (5.52)

represents the transient leaders' behavior. Recalling thatE� ! = 5 � d! , (5.47) can be

rewritten as

4�
C ¹G– Cº = �

�
4�

GG¹G– Cº � �d�
GG¹Gº

�
¸

h�
�d� ¹Gº � 4� ¹G– Cº

�
¹ 5 � �d! º¹Gº

i

G

¸
h�

�d� ¹Gº � 4� ¹G– Cº
�

¹ 5 � � º ¹G– Cº
i

G
• (5.53)

By substituting (5.52) into (5.53), and recalling that, upon the ful�llment of the feasibility

condition, 5 � �d! = �E� ! , we recover

4�
C ¹G– Cº = �4 �

GG¹G– Cº � � »1 � exp¹�  ! Cº¼
�
4� ¹G– Cº

�d�
G¹Gº

�d� ¹Gº

�

G

¸ exp¹�  ! Cº
�
¹ �d� ¹Gº � 4� ¹G– Cºº¹ 5 � d!

0 º¹Gº � � �d�
G¹Gº

�
G• (5.54)

Choosingk4� k2
2 as a Lyapunov functional, and recalling

�
k4� k2

2

�
C =

¯
S 4� 4�

C dG, we

obtain

�
k4� ¹�– Cºk2

2

�

C
= 2�

¹

S
4� ¹G– Cº4�

GG¹G– Cº dG

� 2� »1 � exp¹�  ! Cº¼
¹

S
4� ¹G– Cº

�
4� ¹G– Cº

�d�
G¹G– Cº
�d� ¹Gº

�

G
dG

¸ 2exp¹�  ! Cº
¹

S
4� ¹G– Cº

�
¹ �d� ¹Gº � 4� ¹G– Cºº¹ 5 � d!

0 º¹Gº � � �d�
G¹Gº

�
G dG– (5.55)

where we used (5.54). Integrating by parts the terms at the right hand-side of (5.55)

(accounting for their periodicity), and recalling that»¹4� º2¼G = 24� 4�
G, we can establish

the following identities:

2�
¹

S
4� ¹G– Cº4�

GG¹G– Cº dG = � 2�
¹

S
¹4�

G¹G– Cºº2 dG = � 2� k4�
G¹�– Cºk2

2– (5.56a)

� 2� »1 � exp¹�  ! Cº¼
¹

S
4� ¹G– Cº

�
4� ¹G– Cº

�d�
G¹G– Cº
�d� ¹Gº

�

G
dG=
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= � »1 � exp¹�  ! Cº¼
¹

S
24�

G¹G– Cº4� ¹G– Cº
�d�

G¹G– Cº
�d� ¹Gº

dG=

= � »1 � exp¹�  ! Cº¼
¹

S

�
¹4� ¹G– Cºº2�

G

�d�
G¹G– Cº
�d� ¹Gº

dG=

= � � »1 � exp¹�  ! Cº¼
¹

S
¹4� ¹G– Cºº261¹Gº dG– (5.56b)

� 2exp¹�  ! Cº
¹

S
4� ¹G– Cº

�
4� ¹G– Cº¹ 5 � d!

0 º¹Gº
�

G dG=

= exp¹�  ! Cº
¹

S
24� ¹G– Cº4�

G¹G– Cº¹ 5 � d!
0 º¹Gº dG=

= exp¹�  ! Cº
¹

S

�
¹4� ¹G– Cºº2�

G ¹ 5 � d!
0 º¹Gº dG=

= � exp¹�  ! Cº
¹

S
¹4� ¹G– Cºº2� 1¹Gº dG– (5.56c)

where� 1 is de�ned in (5.50). Accounting for the identities (5.56) into (5.55), yields to

�
k4� ¹�– Cºk2

2

�

C
= � 2� k4�

G¹�– Cºk2
2 � � »1 � exp¹�  ! Cº¼

¹

S
¹4� ¹G– Cºº261¹Gº dG

� exp¹�  ! Cº
¹

S
¹4� ¹G– Cºº2� 1¹Gº dG¸ 2exp¹�  ! Cº

¹

S
4� ¹G– Cº� 2¹Gº dG– (5.57)

where we posed� 2 = »�d� ¹ 5� d!
0 º � � �d�

G¼G. Using the Poincaré-Wirtinger inequality and

the H¥older inequality (see Lemma 1.4 and 1.1), we can establish the following bounds:

� 2� k4�
G¹�– Cºk2 � � 2� k4� ¹�– Cºk2

2– (5.58a)

� � »1 � exp¹�  ! Cº¼
¹

S
¹4� ¹G– Cºº261¹Gº dG�

� � »1 � exp¹�  ! Cº¼

�
�
�
�

¹

S
¹4� ¹G– Cºº261¹Gº dG

�
�
�
� �

� � »1 � exp¹�  ! Cº¼
¹

S

�
�¹4� ¹G– Cºº261¹Gº

�
� dG=

= � »1 � exp¹�  ! Cº¼k¹4� ¹�– Cºº261¹�ºk1 �

� � k61¹�ºk1 k4� ¹�– Cºk2
2 (5.58b)
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� exp¹�  ! Cº
¹

S
¹4� ¹G– Cºº2� 1¹Gº dG � k � 1¹�ºk1 k4� ¹�– Cºk2

2 (5.58c)

2 exp¹�  ! Cº
¹

S
4� ¹G– Cº� 2¹Gº dG� 2 exp¹�  ! Cº

�
�
�
�

¹

S
4� ¹G– Cº� 2¹Gº dG

�
�
�
� �

� 2 exp¹�  ! Cº
¹

S

�
�4� ¹G– Cº� 2¹Gº

�
� dG= 2 exp¹�  ! Cºk4� ¹G– Cº� 2¹Gºk1 �

� 2 exp¹�  ! Cºk� 2¹Gºk2k4� ¹G– Cºk2• (5.58d)

Note that, the derivation of (5.58c) follows the steps of (5.58b). Moreover, we exploited

the fact that1 � exp¹�  ! Cº andexp¹�  ! Cº are positive and bounded by 1.

Exploiting the bounds in (5.58) into (5.57), we obtain

�
k4� ¹�– Cºk2

2

�

C
� ¹� 2� ¸ � k61¹�ºk1 ¸ k � 1¹�ºk1 ºk4� ¹�– Cºk2

2

¸ 2k� 2¹�ºk2exp¹�  ! Cºk4� ¹�– Cºk2• (5.59)

The bounding system at the right hand-side of (5.59) converges to 0 globally and expo-

nentially due to Lemma 1.6 (�xing[ = k4� k2
2, W= �  5 5, X = 2k� 2k2 and =  ! ).

Moreover its rate of convergence is given byj 5 5j. Hence, by comparison lemma (see

Lemma 1.5), the theorem is proved. „

Remark 5.9. Notice that, for the paradigmatic example whered!
0 = const, k� 1k1 = 0.

Moreover, as the rate of convergencej 5 5j is independent from the control parameters,

it can be noticed that the proposed control strategy does not allow for choosing a desired

rate of convergence for the followers.

The control scheme proposed so far does not rely on any information sensed in real-

time about the followers' displacement, rendering the solution not robust to perturbations,

as detailed by the numerical simulations reported later in Section 5.7.1. This underscores

the necessity for expanding the strategy in order to incorporate some feedback mechanism

on the followers' dynamics, as discussed in Section 5.6.

Remark 5.10. The proposed control scheme can be adapted to scenarios in which the

feasibility analysis is not ful�lled. In such adaptation, bounded convergence can still be

guaranteed (see Appendix C.2 for more details).
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Figure 5.3: (a) Reference-governor control scheme. (b) Detail of the governor block.

5.6 Reference-governor control

The control strategy introduced in Section 5.5 does not include any feedback on the

followers' density. To address the objective outlined in (5.9) and incorporate feedback

related to the followers' density, we introduce a reference-governor approach, inspired

by [180]. This method employs a dual-feedback loop structure: the outer loop, or

the governor loop, dynamically adjusts the target density for the leaders,d̂! , aiming

to minimize the error4� = �d� � d� by facilitating the required organization of the

followers. The inner loop, or the leaders' control loop, then calculates the control input

Das per (5.1a), to guide the actual leaders' density,d! , towardsd̂! , thereby reducing the

discrepancy4! = d̂! � d! to zero and ful�lling the control objectives. An illustration

of this strategy is depicted in Fig. 5.3. Note that for controlling the leaders' density we

leverage the framework previously detailed in Section 5.5.1 (see Remark 5.8 speci�cally).

5.6.1 Governor design

Here, we discuss the design of the governor and explore its stability properties. Because

of Theorem 5.2, and in particular Remark 5.8, we know that, given some leaders' desired

time-varying density , choosingDin (5.1a) as (5.44), it is

d! ¹G– Cº = d̂! ¹G– Cº ¸ � ¹G– Cº– (5.60)
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where� represents the leaders' transient behavior, that is

� ¹G– Cº = �
�
d̂! ¹G–0º ¸ d!

0 ¹Gº
�

exp¹�  ! Cº• (5.61)

Hence, recalling (5.2), and because of the linearity of the convolution operator,E� ! in

(5.1b) can be decomposed as

E� ! ¹G– Cº = Ê� ! ¹G– Cº ¸ ¹ 5 � � º¹G– Cº– (5.62)

whereÊ� ! = 5 � d̂. In what follows, we recover an expression forÊ� ! that, by means

of Lyapunov arguments, can be proved to ensure the convergence of the followers' error

to 0. After that, we show how to deconvolve such a velocity �eld to obtaind̂! , for the

leaders to track. Speci�cally, we chooseÊ� ! to incorporate the feed-forward action that

was discussed in Section 5.5, and a feedback correction whose weight can be chosen

online to ensure physical constraints are met. In particular,

Ê� ! ¹G– Cº = ¹ 5 � d̂! º¹G– Cº = �E� ! ¹Gº ¸ U¹Cº F ¹G– Cº (5.63)

where �E� ! is the feed-forward term chosen as in (5.14),U : R� 0 ! » 0–1¼is a control

function to be appropriately selected, and

F ¹G– Cº =
� �d�

G¹Gº4� ¹G– Cº

�d� ¹Gº
�
�d� ¹Gº � 4� ¹G– Cº

� • (5.64)

is a feedback correction term modulated byU¹Cº.

Remark 5.11. Equation(5.64)is well de�ned only ifd� ¡ 0, as �d� 2 R¡ 0 (see Section

5.3). This condition is reasonable whereby: (i) there is no need to exert a control action

where the followers' density is null, and (ii) in practical scenarios,d� is estimated from

the positions of a discrete set of agents using, for instance, a Gaussian kernel estimator

[168], which ensures this assumption is always met.

Theorem 5.4(Followers' global exponential stability). In a feasible scenario according

to Theorem 5.1, the followers' density (whose dynamics is described in(5.1b), with E� !

given in (5.62) and Ê� ! coming from(5.63)), globally exponentially converges to the

desired density�d� in L 2¹Sº, for any choice ofU¹Cº 2 »0–1¼, if

 A6 = � 2� ¸ � k61¹�ºk1 ¸ k � 1k1 Ÿ 0• (5.65)
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If  ! � j  A6j, the rate of convergence is bounded by A6.

Proof. The followers' error dynamics obeys to (5.47) with initial and periodic boundary

conditions set as in (5.48). Substituting (5.62) into (5.47) yields

4�
C ¹G– Cº = �

�
4�

GG¹G– Cº � �d�
GG¹Gº

�
¸

h�
�d� ¹Gº � 4� ¹G– Cº

�
Ê� ! ¹G– Cº

i

G

¸
h�

�d� ¹Gº � 4� ¹G– Cº
�

¹ 5 � � º ¹G– Cº
i

G
• (5.66)

Substituting (5.63) (withF coming from (5.64)), we obtain

4�
C ¹G– Cº = �4 �

GG¹G– Cº � � »1 � exp¹�  ! Cº¼
�
4� ¹G– Cº

�d�
G¹Gº

�d� ¹Gº

�

G

¸ �U ¹Cº
�
4� ¹G– Cº

�d�
G¹Gº

�d� ¹Gº

�

G
¸ exp¹�  ! Cº

�
¹ �d� ¹Gº � 4� ¹G– Cºº¹ 5 � d!

0 º¹Gº � � �d�
G¹Gº

�
G•

(5.67)

Similarly to Theorem 5.3, we introduce the Lyapunov functionalk4� k2
2, and we derive

�
k4� ¹�– Cºk2

2

�

C
= 2�

¹

S
4� ¹G– Cº4�

GG¹G– Cº dG

� 2� »1 � exp¹�  ! Cº¼
¹

S
4� ¹G– Cº

�
4� ¹G– Cº

�d�
G¹G– Cº
�d� ¹Gº

�

G
dG

¸ 2�U ¹Cº
¹

S
4� ¹G– Cº

�
4� ¹G– Cº

�d�
G¹G– Cº
�d� ¹Gº

�

G
dG

¸ 2exp¹�  ! Cº
¹

S
4� ¹G– Cº

�
¹ �d� ¹Gº � 4� ¹G– Cºº¹ 5 � d!

0 º¹Gº � � �d�
G¹Gº

�
G dG• (5.68)

By means of integration by parts and recalling»¹4� º2¼G = 24� 4�
G, we can establish the

identity

2�U ¹Cº
¹

S
4� ¹G– Cº

�
4� ¹G– Cº

�d�
G¹G– Cº
�d� ¹Gº

�

G
dG= � �U ¹Cº

¹

S
24� ¹G– Cº4�

G¹G– Cº
�d�

G¹G– Cº
�d� ¹Gº

dG=

= � �U ¹Cº
¹

S

�
¹4� ¹G– Cºº2�

G

�d�
G¹G– Cº
�d� ¹Gº

dG= �U ¹Cº
¹

S
¹4� ¹G– Cºº261¹Gº dG• (5.69)

Using this identity along with those in (5.56), we obtain

�
k4� ¹�– Cºk2

2

�

C
= � 2� k4�

G¹�– Cºk2
2 � � »1 � exp¹�  ! Cº � U¹Cº¼

¹

S
¹4� ¹G– Cºº261¹Gº dG

82



Chapter 5. Leader-Follower Density Control in Large-Scale Multi-Agent Systems

� exp¹�  ! Cº
¹

S
¹4� ¹G– Cºº2� 1¹Gº dG¸ 2exp¹�  ! Cº

¹

S
4� ¹G– Cº� 2¹Gº dG• (5.70)

With the same vein of (5.58b), we can establish the bound

� � »1 � exp¹�  ! Cº � U¹Cº¼
¹

S
¹4� ¹G– Cºº261¹Gº dG� � k61¹�ºk1 k4� ¹�– Cºk2

2– (5.71)

where we used the H¥older inequality and we noted that, for any choice ofU¹Cº 2 »0–1¼,

j1 � exp¹�  ! Cº � U¹Cºj Ÿ 1– 8CCombining bound (5.71) with the bounds in (5.58), we

can establish that

�
k4� ¹�– Cºk2

2

�

C
� ¹� 2� ¸ � k61¹�ºk1 ¸ k � 1¹�ºk1 ºk4� ¹�– Cºk2

2

¸ 2k� 2¹�ºk2exp¹�  ! Cºk4� ¹�– Cºk2• (5.72)

Then, as in Th. 5.3, using Lemma 1.6, the claim is proved. „

Remark 5.12. The caseU = 0 coincides with the control technique studied in Section

5.5. The caseU = 1, whenC! 1 , puts the error system into the form of a heat equation

with periodic boundary conditions.

Remark 5.13. As U is ultimately chosen to ensure that the deconvolution ofE� ! is

physically meaningful in the sense of the constraints in De�nition 5.1 (as detailed in the

rest of this section), it cannot be used to improve the convergence condition in Theorem

5.4.

Given (5.62) and (5.63), and recalling thatÊ� ! = 5 � d̂! , we recover the desired

leaders' densityd̂! by online deconvolution [179] ofE� ! with the repulsive interac-

tion kernel given by (5.3) (see Appendix B for more details). For the linearity of the

convolution we can deconvolve the two terms of (5.63) separately, leading to

d̂! ¹G– Cº = �d! ¹Gº ¸ U¹Cº, ¹G– Cº– (5.73)

where �d! is the deconvolution of�E� ! and, is the deconvolution ofF, that is,

, ¹G– Cº =
F G¹G– Cº

2
�

1
2! 2

¹
F ¹G– Cº dG¸ V¹Cº– (5.74)

with V being an arbitrary function of time (see Appendix B for more details). Being

the problem feasible, we know that�d! is positive and sums to" ! . Then, for d̂! to
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be physically meaningful, that is, positive and summing to" ! , , needs to ful�ll the

following conditions:

¹

S
, ¹G– Cº dG= 0– 8C� 0– (5.75a)

�d! ¹Gº ¸ U¹Cº, ¹G– Cº � 0– 8C� 0– G2 S• (5.75b)

Condition (5.75a) can always be ensured by appropriately choosingV in (5.74) and

(5.75b) can be satis�ed by selectingU so that it remains ful�lled, as will be shown next.

Choice of U¹Cº

A possible conservative choice is to set

U¹Cº =
�
� minG �d! ¹Gº
minG, ¹G– Cº

� 1

0
– (5.76)

where subscripts and superscripts of square brackets indicate a saturation. With this

choice ofU¹Cº, we can guarantee that

min
G

�d! ¹Gº ¸ U¹Cº min
G

, ¹G– Cº � 0– (5.77)

and therefore that (5.75b) is ful�lled. Note that in making the choice we exploited the

fact thatminG, � 0 by construction, sinceVis chosen in (5.74) to ensure (5.75a). Also,

notice that (5.77) (and consequently (5.75b)) remains satis�ed whenUis saturated to zero

as �d! � 0 by assumption, and whenU is saturated to unity as� minG �d! •minG, ¡ 1

implies j minG �d! j ¡ j minG, j.

Other possible choices ofU, including optimal ones, are possible. A practical

heuristic choice to approximate the optimalU and enhance robustness of the algorithm

to persistent disturbances is adopted later in Section 5.7.1. A further investigation of

the choice of howU could be optimized is beyond the scope of this paper and will be

explored in future work.

Remark 5.14. The reference-governor control scheme cannot be adapted to scenarios in

which the feasibility analysis is not ful�lled as for the feed-forward scheme (see Appendix

C.2 for more details).
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(a) (b)

(c)

Figure 5.4: Monomodal trial: (a) initial and �nal densities; (b) time evolution of the
percentage error and KL divergences using the feed-forward control scheme; and (c) time
evolution of the percentage error, KL divergences, andU using the reference-governor
scheme.

5.7 Numerical validation

In this section, we perform a numerical validation of the two proposed control strategies.

For the numerical integration of (5.1a)-(5.1b), we use a central �nite di�erence scheme

with a mesh of 500 cells, and we approximate time derivatives with Forward Euler with

a �xed time stepdC= 0•001.

For each trial, we consider� = 0•05, ! = c, and a time horizon of 150,000 time

iterations and recorded followers and leaders percentage error, that is,

�� 8¹Cº =
k48¹�– Cºk2

2

maxCk48¹�– Cºk2
2

100– 8= �– !• (5.78)
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Figure 5.5: Robustness to external disturbance. Percentage error (top panel) and evolution
of U (bottom panel) in time for the feedback control schemes (orange line for feed
forwards, yellow line for reference-governor and purple line for reference-governor with
an improved choice ofU).

As an extra performance index, we borrow from the optimal transport literature [93]

the Kullback-Leibler (KL) divergence [169] (or relative entropy) between the desired

followers' (leaders') density and the followers' (leaders) density, that is

� 8
 ! ¹Cº =

¹

S
�d8¹Gº log

�
�d8¹Gº

d8¹G– Cº

�
dG– 8= �– !• (5.79)

We study a monomodal regulation problem. Speci�cally, we set" ! = 0•4and choose

the von Mises distribution in (5.28) witĥ = 1•8 and ` = 0 for the desired followers'

density. We report the results of the numerical example in Fig. 5.4. Speci�cally, we show

the initial and �nal displacement of the leaders' and followers' densities, resulting in the

same steady-state pro�le with both the control techniques. Then, in Fig. 5.4b and 5.4c

(upper panel), we report the time evolution of the percentage errors and KL divergences

using respectively the feed-forward and the reference-governor control schemes. In Fig.

5.4c (bottom panel), we show the time evolution of the control functionU selected

according to (5.76). Similar results were obtained for bi-modal regulation tasks but

omitted here for brevity.

5.7.1 Robustness analysis

To underscore the bene�ts of the strategy incorporating the reference governor control

over the simpler feed-forward control strategy, we proceed to examine the robustness of

both strategies against disturbances and structural perturbations. Our �ndings demon-
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strate that, as anticipated, the strategy equipped with the reference governor control o�ers

superior compensation for these disruptions.

Perturbations

To begin, we consider the dynamics of the followers to be perturbed by an additive

velocity �eld 3, de�ned as

3¹G– Cº =
c

100
step¹C� Cf •2º• (5.80)

This represents a positive constant drift which is suddenly introduced into the followers'

dynamics halfway through a simulation trial.

Considering the same setting as the one depicted in Fig. 5.4 where the goal is for the

followers to achieve a monomodal distribution, we applied both the feed-forward and the

reference-governor schemes, observing enhanced performance with the latter (see Fig.

5.5). Speci�cally, as illustrated in the top panel of Fig. 5.5, the steady-state percentage

residual error decreases from nearly 20% to approximately 10% with the introduction of

feedback.

Performance improves more signi�cantly, when we introduce a numerical procedure

to improve the choice ofU. Speci�cally, as the optimalU (that is, the maximum value

still ful�lling (5.75b)) can be formalized as

U¹Cº = lim
Y! 0¸

�
min

G

�
�d! ¹Gº

max»� , ¹G– Cº– Y¼

�� 1

0
– (5.81)

we practically implement it by �xingY = 0•01. Speci�cally, asU remains set to one

for extended periods (as shown in the bottom panel of Fig. 5.5), the feedback correction

intensi�es, leading to a residual percentage error of only 2% despite the onset of the

perturbation (as detailed in the top panel of Fig. 5.5).

Robustness to Structural Perturbations

To evaluate robustness to structural perturbations, we assess the response to parametric

uncertainties in the characteristic length scale! of the interaction kernel5 (see (3.24)).

This involves assuming a discrepancy between the nominal length scale used for control

design and the actual scale in�uencing the followers' dynamics. Speci�cally, setting

� = 0•02 and using the same monomodal con�guration depicted in Fig. 5.4, we

computeD in (5.1a) using the nominal value! = c for both the feed-forward and
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Figure 5.6: Robustness to uncertainties: time evolution of the percentage error with the
feed-forward (FF) control scheme and the reference-governor (RG) control scheme. In
the inset, the nominal and perturbed interaction kernel.

reference-governor schemes. Conversely, in the numerical simulations, the followers are

assumed to react to the leaders' displacement through a perturbed kernel5̂, de�ned as

(3.24) with ! = c•6. The results of this trial, along with graphical representations of

both the nominal and perturbed kernels, are presented in Fig. 5.6. We �nd that that the

reference-governor scheme enhances steady-state performance, reducing the steady-state

percentage error to almost 45% as compared to 55% observed when the feed-forward

scheme is adopted. We did not document the time evolution ofU because, adhering to

the conservative approach outlined in Section 5.6.1, we �xed it at 1 throughout the trial.

Note that, in the presence of parametric uncertainties on the di�usion coe�cient�

(omitted here for brevity), the behavior of both the feed-forward and reference-governor

schemes remains qualitatively similar. This similarity arises because the feedback action

F is not independent of� , as illustrated in (5.64).

5.8 An application to multi-agent leader-follower sys-

tems via continui�cation

Within the framework of continui�cation-based control approaches disucssed in Chap-

ter 3 the goal is to design microscopic control inputs to in�uence the spatio-temporal

dynamics of large-scale multi-agent systems.

To validate the macroscopic control solution proposed in this work, we consider a

discrete set of stochastic di�erential equations that replicate the leader-follower scenario

previously examined. In particular, we assume a population of# ! leaders needs to steer
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